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Abstract

It is well accepted that inconsistency may exist in a database
system or an intelligent information system (Benferhat et
al. 1993a; 1993b; 1997b; 1998; Benferhat & Kaci 2003;
Elvang-Ggransson & Hunter 1995; Gabbay & Hunter 1991,
Lin 1994; Priest et al. 1989; Priest 2001). Inconsistency
can either appear in the given knowledge bases or as a re-
sult of combination or revision. In this paper, we will pro-
pose two different methods to combine individually inconsis-
tent possibilistic knowledge bases. The first method, called
an argument-based method, is a generalization of the merg-
ing method introduced in (Benferhat & Kaci 2003). When
the knowledge bases to be merged are self-consistent, this
method coincides with the original one. The second method,
called a multiple-operator based method, combines the con-
sistent and the conflict information using different operators.
This method is more reasonable than the argument-based
method because it differentiates the consistent and conflict
information.

I ntroduction

In some cases, we may confront the problem of merging in-
dividually inconsistent knowledge bases. It is well accepted
that an agent may have inconsistent beliefs (Benferhat et
al. 1993a; 1993b; 1997b; 1998; Benferhat & Kaci 2003;
Elvang-Ggransson & Hunter 1995; Gabbay & Hunter 1991,
Lin 1994; Priest et al. 1989; Priest 2001). Inconsistency

David H. Glass
School of Computing and Mathematics
University of Ulster
Newtownabbey, Co.Antrim, BT37 0QB, UK
DH.Glass@ulster.ac.uk

Konieczny & Pino Rtez 1998). Since the original knowl-
edge bases are individually inconsistent and may preserve
some useful information about the real world, the result
of combination is not required to be a consistent knowl-
edge base. In the classical logic framework, given sev-
eral individually inconsistent knowledge bases, we may
conjoin the original knowledge bases, i.e., take the union
of the original knowledge bases as the result of merg-
ing. But when the original knowledge bases are priori-
tized, i.e., formulas are ordered according to their priori-
ties, it is not advisable to conjoin them. For example, sup-
pose there are two prioritized knowledge bases where one
of them is inconsistenB; = {(—¢,0.7), (¢,0.6), (v,0.8)}

and B» {(¢,0.6),(v,0.8)}, where ¢, ~¢ and v are
classical propositions and the weights assigned to the for-
mulas denote certainty degrees of the formulas. Then
by conjoining them we obtain a knowledge baBe =
{(—¢,0.7),(¢,0.6),(7,0.8)}. Clearly, information pro-
vided by B, is ignored. Sincey is strongly supported by
both sources, its certainty degree should increase, i.e., there
is a reinforcement betweeB; and B- for v. For formulas

¢ and—¢, they are involved in the inconsistencyBf UB,

so their necessity degrees in general should not increase.

The importance of priorities in belief revision and infor-
mation fusion has been addressed by many researchers in
recent years (Benferhat et al. 1998&@énfors 1988; Lin &
Mendelzon 1998). Possibilistic logic (Dubois et al. 1994)

can appear in a given knowledge base. Many researchers, provides a good framework to express priorities. In possi-

especially those working on paraconsistent logic and argu-

bilistic logic, each classical first order formula is attached

mentation, argued that inconsistency was not a bad thing and With @ number or weight, denoting the necessity degree of
proposed some methods to deal with or handle the inconsis- the formula. The necessity degrees can be interpreted as the

tency (Elvang-Ggransson & Hunter 1995; Gabbay & Hunter
1991; Lin 1994; Priest et al. 1989). Even if the original
knowledge base&’; are individually consistent, the result
of combination by conjoining them (Benferhat et al. 1995)
or merging them using the method introduced in (Benferhat
& Kaci 2003) may be inconsistent.

As far as we know, there does not exist a merging method
that handles individually inconsistent knowledge bases ex-
plicitly. It is always assumed (this assumption may be im-
plicit) that the original knowledge bases are self-consistent
when we confront the problem of merging (Baral et al.
1992; Benferhat et al. 1997a; 2001; Benferhat & Kaci
2003; Liberatore & Schaerf 1998; Lin & Mendelzon 1998;

priorities of formulas. A possibilistic knowledge base is a set
of possibilistic formulas. Possibilistic logic also provides a
good framework to deal with inconsistency. From a (partial)
inconsistent possibilistic knowledge base we can infer some
nontrivial consequences using the possibilistic consequence
relation (also called-consequence relation).

In (Benferhat & Kaci 2003), a method to merge possibilis-
tic knowledge bases was introduced. The result of merg-
ing may be an inconsistent possibilistic knowledge base, al-
though the original possibilistic knowledge bases were as-
sumed to be individually consistent. This method could
also be used to merge individually inconsistent knowledge
bases. However, the merging method was constrained by the



m-consequence relation, which had been criticized for the
“drowning problem”. Namely, ther-consequence relation

only uses those formulas whose necessities are greater than

the inconsistency degreso some useful information may
be lost. In this paper, we extend theconsequence rela-
tion based merging method with an argument-based method.
When the original knowledge bases are individually consis-
tent, our revised merging method is reduced to the original
method (Benferhat & Kaci 2003). However, if the original
knowledge bases are individually inconsistent, it contains
more useful information than the original one. A deficiency
of the revised method is that it cannot differentiate between
consistent and conflict information. To overcome this, we
also propose a multiple-operator based method, which com-
bines consistent and conflict information using different op-
erators.

This paper is organized as follows. Section 2 introduces
some basic definitions in possibilistic logic. In Section 3, we
review a merging method introduced in (Benferhat & Kaci
2003) and compare it with related methods. In Section 4,
we present two methods to combine possibilistic knowledge
bases that may be individually inconsistent. Finally, we give
the conclusion in Section 5.

Some Basic Definitionsin Possibilistic L ogic

In this section, we introduce some basic definitions in pos-
sibilistic logic (Dubois et al. 1994). We only consider a
finite propositional language denoted By The classical
consequence relation is denotedras ¢, ¢, ,... represent
classical formulas.

In possibilistic logic, at the semantic level, the basic no-
tion is apossibility distribution denoted byr, which is a
mapping from a set of interpretatiofisto the interval [0,1].

7 (w) represents the possibility degree of the interpretation
with the available beliefs. From@ossibility distributionr,

two measures defined on a set of propositional or first order
formulas can be determined. One is the possibility degree of
formula¢, denoted adl(¢) = maz{n(w) : w |E ¢}. The
other is the necessity degree of formglaand is defined as
N(§) =1 —T(=9).

At the syntactic level, a formula, calledassibilistic for-
mula is represented by a paip, a) where¢ is a classi-
cal first-order, closed formula and € [0,1]. Uncertain
pieces of information can then be represented Ipossi-
bilistic knowledge baswrhich is a finite set opossibilistic
formulasof the formB = {(¢;, «;) : i = 1,...,n}. A pos-
sibilistic formula(¢;, «;) means that the necessity degree
of ¢; is at least equal tey;, i.e. N(¢;) > «;. The classi-
cal base associated withis denoted a#3*, namely/5*
{#i|(¢i, «;) € B}. The formulas inB can be rearranged
by setting their weights such that = 1>ay>...>a,,>0.
ThenB can be equivalently expressed as a layered belief
baseX = S1U...US,, whereS; = {¢ : (¢,a;)€B}, that
is, eachS; is associated with a weight;. X is called the
stratification ofB.

Definition 1 (Duboiset al. 1994) Let B be a possibilistic
base, andv € [0, 1]. We call thea-cut (respectively strict
a-cut) of B, denoted byB >, (respectivelyBs,), the set of

classical formulas inB having a necessity degree at least
equal toa (respectively strictly greater tham).

Theinconsistency degregf B, which defines the level of
inconsistency oB, is defined as (Dubois et al. 1994):

Inc(B) = maz{a;|B>q, is inconsistent}.

Definition 2 (Dubois et al. 1994) Let B andB’ be two pos-
sibilistic knowledge bases. B aii#f are said to be equiva-
lent, denoted by =, B, iff

Vae[0,1], B>,=BL,.

In (Benferhat et al. 1993b), some consequence relations
in possibilistic logic are defined to deal with inconsistency.

Definition 3 Let ¥ = S;U...US,, be a layered belief base
stratified from a possibilistic knowledge base. A formgla
is said to be ar-consequence & with weighta;, denoted
by ¥ k. (4, a;), if and only if:

1. S{U...US; is consistent,

2. 51U...US; ¢, and

3. Vj<i, SlU...US]' t ¢.

Definition 4 A subbase; of X is said to be an argument
for a formula¢ with weight a, denoted bY; -4 (¢, a) if it
satisfies the following conditions.

1. ¥;i/ 1 (consistency)

2. Xk (¢,a) (relevance)

3.V (¥,b) € i, B —{(¥,)}/~(¢,a) (economy)

Another consequence relation which is "stronger” than
the r-consequence was defined as follows (Benferhat et al.
1993b).

Definition 5 A formula ¢ is said to be an argumentative
consequencef X, denoted byE F 4 (¢, a), if and only if:
1. there exists an argument f@p, a) in X, and
2. for each argument df-¢, b) in X, we haveh<a.

Given apossibilistic base Ba uniquepossibility distri-
bution, denoted byr g, can be obtained by the principle of
minimum specificity. For allv € (2,

o 1 if V(qﬁi, z) € B, bis
(W) = { 1 —max{a;|w & ¢, (dn,aio; € B} wolierwise.

@)

m-consequence Relation based Merging
Method

Definition of the w-consequencerelation based

merging method

In (Benferhat & Kaci 2003), the authors introduced a syntac-
tic method to merge a set nfconsistenpossibilistic knowl-
edge base®, ..., B, where the result of merging can be
inconsistent. A possibilistic merging operator, denoted by
@, which is a function from [0,17 to [0,1], is used to merge
the certainty degrees associated with pieces of information

The argumentative consequence defined here is identical to the
argued consequence in (Benferhat et al. 1998).



provided by different sources. The result of the combination
of B; is Bg such that (see also Fig.1),

BEB = {(Qﬁ,@(Gq, "'va'n)) 1 Bibr (¢7az)} (2)

Since the merging method defined by Equation (2) is re-
stricted by ther-consequence relation, for convenience, we
call it aw-consequence relation based method in this paper.

The operators should satisfy the following properties.
(Mer1) %(0, ...,0) = 0.

Mer2) If Vi = 1,..,n, a;>b; then ®(ay,...,a,)> &

(b1, ..., by). (Unanimity property)
Bl oo B,
(Pyar) coveevnon .t (¢, an)

(¢, EB(a’la ety an))
Fig. 1. Merging possibilistic bases.

Given two possibilistic knowledge bases, a simplification

of the computation of55 can be obtained by the following
lemma (Benferhat & Kaci 2003).
Lemmal Let By = {(¢i,a;) : i = 1,....,n}and By =
{(¥;,b;) : 7 =1, ...,m} be two possibilistic bases. LB,
be the result of merging, and B, using® and B¢, follows
Equation (2). ThenBg, is equivalent to:

By = {(¢i,®(a;,0)) : (¢, a:)€B1} U {(¥;,®(0,by)) :
(¥,05)€Ba} U {(¢: V 5, D(as, b)) : (di,a:)

€B; and (Qﬂj,bj) S BQ}.

The BE, in Lemma 1 provides an easy way to complitg
defined by Equation (2).

As criticized in (Benferhat et al. 1993a), the-
consequence relation will ignore the formulas whose ne-

Bg {(qﬁi,@(ai,O)) ti= 1,...,k—1}U
{(W),®(0,b)) :j=1,..., -1} U

{(¢Z \ 1/}]'7 @(ai,bj)) =1, 7k -1
andj=1,..,01 =1} U{(L, d(ak, br))}. (3)
Corollary 1 shows that the formulas with weights less than
the inconsistency degree of each knowledge base do not ap-
pear in the result of merging using Equation (2) when the
original knowledge bases are individually inconsistent.

Comparison with other merging methods

Since each possibilistic knowledge baBecan be associ-
ated with a unique possibilistic distribution through Equa-
tion (1), merging: possibilistic knowledge bases could also
be performed at the semantic level by merging the corre-
spondingrg,. An approach to merging consistent possi-
bilistic knowledge bases is to apply thenimumoperator to
wp, ast = min(wg,) wherer is the possibility distribution
associated with the merged knowledge bBsé he syntac-
tic equivalence ofr = min(wp,) is B = U(B;) (Benferhat
etal. 1997a).

More generally, the following proposition reveals the rela-
tionship between the semantic combination and its syntactic
counterpart (Benferhat et al. 2001).

Proposition 1 Let B; and B> be two possibilistic knowl-
edge bases. Letg be the combination ofp, and 7p,
based on the operatap’. Thenrg, is associated with the
following belief base:
Bi®'By = {(¢i,1—((1-a)®'1)): (¢i,a;)€B1} U
{(¥j,1 = (1&" (1= 1)) : (¢5,b;)€B2} U
{((bl Vd}]) @l(ai, b]))|(¢l7 ai) S Bl,and
(1/}]', bj)EBZ}, (4)
When &' = min, it is easy to check thaB,®'By, =
B1UBs.

Proposition 2 Let B; and B, be two possibilistic knowl-
edge bases. If the operatay in Equation (2) is the max-
imum operator and the operatap’ in Equation (4) is the

cessity degrees are lower than the inconsistency degree. minimum operator, then we have

So whenB; or B, are individually inconsistent, the-

consequence relation based method has to delete some for-

mulae from the original knowledge base. More precisely,
suppose the weights of formulasih andB- have been or-
dered such that, >as>>...>a, andb; >by>...>b,,. Before
applying Lemma 1B; = {(¢x,ar) : k = 1,...,n} will be
replaced byB; = {(¢g,ar) : k =1,...,5 — 1JU{(L,a;)},
wherea; = Inc(B;).

The following corollary follows from Lemma 1 and the
discussion above.

Corolaryl Let By = {(¢s,a;) : ¢ = 1,..,n} and
By, = {(%;,b;) : j = 1,..,m} be two individually
inconsistent possibilistic bases, wherg>as>...>a,, and
by >bo>...>by,. Suppose, = Inc(By) andb; = Inc(Bs).
Let B = {(¢s,ai) : i =1,....,k — 1} U{(L,ax)} and
By ={(¥;,bj) - j=1,...,1 =1} U{(L,b)}. ThenB in
Lemma 1 is revised to:

BY =, B1&'Bs, (5)

Proof.

If ©=max, then by Lemma 1B7 =,B,UB,. Therefore,
by Proposition 157 =, B1®'Bs.
Definition 6 Let®; and®, be two merging operators sat-
isfying (Merl) and (Mer2)&; and&,, are said to be dual if
and only if®1(a,b) =1 — (1 — a)®2(1 — b).
The typical dual merging operators are T-norm and T-
conorm in (Klement et al. 2000).

The following proposition follows from Proposition 1 and
Definition 6.

Proposition 3 Let B; and B, be two possibilistic knowl-
edge bases. Lepb; and @, be two dual operators, then we
have

BZ, =s B1®2Bs,



Proposition 3 shows that the-consequence relation based
method is equivalent to the corresponding syntactic method
in (Benferhat et al. 2001) when the merging operators used
are dual.

Combining Individually Inconsistent
Prioritized Knowledge Bases

Most merging methods assume that the original knowledge
bases are individually consistent. But in practice, we may
confront the problem of combining individually inconsistent
knowledge bases. Inconsistency can appear in given knowl-
edge bases as well as resulting from combination or revision
(Benferhat et al. 1995; Priest 2001). In this section, we
will propose two different methods for combining individu-
ally inconsistent prioritized knowledge bases, where priori-
ties between formulas are handled in the framework of pos-
sibilistic logic. The first method is called an argument-based
merging method which extends threconsequence relation
based method introduced in Benferhat & Kaci 2003. The
other method is called a multiple-operator based method,
which combines consistent and conflict information using
different operators.

Argument-based merging method
Definition of the argument-based merging method

The merging method introduced in the last section is not
advisable for combining individually inconsistent knowl-

(1) Let (¢;,®(a;,0)) (resp. (v,

)

{(¢i VY5, ®(ai, b)) = (¢i,a:)€B1 and (Yj, ;)
€ By}. (7

Proof.
The proof of Lemma 2 is similar to that of Lemma 1 in
Benferhat & Kaci 2003. We first sha} C B,

®(0,b;)) be a formula
in Bg, where ((]ﬁz, ai)EBl and (231 ¢ B>*. Since
(¢i,a;)€ By, there exists an argument f@p;, a;) in X5, .
Although¢ ¢ B>*, we can add¢;,0) to B, the revised
possibilistic knowledge base is equivalent3g. So we
have found an argumef;, 0) for ¢; in £ p,. Therefore,
by Equation (6){¢;, ®(a;,0)) € Bg.

Let (¢; V ¥, ®(a;,b;)) be a formula inB4, where
(¢i,a;)€By and (¢,b;)€Bs. Since(¢;,a;)€B, there
must exist an argument f@p; v ¢;,a) s.t.a>a; in Xp, .
Similarly, we can show that there exists an argument for
(¢; V ¢j,b) s.t. b>b; in Xp,. Then, by Equation (6), we
have(¢; V ¢;,®(a,b)) € Bg. Following the unanimity
property of®, we haved(a, b)> & (a;,b;). So we can
equivalently adds(a, b)> @ (a;, b;) to Bg.

Next, we will show thaV (¢,b), if (¢,b) € Bg (and
we supposé>Inc(Bg), for otherwise(¢, b) must be sub-
sumed byBg) and (¢,b) ¢ BZ, then(¢,b) is subsumed
by Bg. Since(¢,b) € Bg, there must exist an argument
for (¢,a1) in ¥, and an argument fof¢, a2) in ¥p, s.t.
b= EB(al, a2), with a; >0 anda220.

edge bases. Because this method is constrained by-the (1) Suppose; = 0 andas = 0, and sincen (0, 0) = 0, then

consequence relation. When it is applied to inconsistent

b=0. So(¢, b) can be deleted frof3 ;.

knowledge bases, some information will have to be deleted(p) sypposes; >0 anda, = 0 (resp. a; = 0 and a,>0),

before merging. In this section, we will define an argument-
based merging method by replacing theonsequence rela-
tion with the argument-based consequence relation in Equa-
tion (2). By Definition 4, we know that the argument-based
consequence relation will keep all the information in the
knowledge bas& because every formula i has an ar-
gument for it. Therefore, the revised merging method will
not delete any information in the original knowledge bases.
This is reasonable, because all the formulas, including for-
mulas in conflict, are viewed to be useful.

Definition 7 Let B = {B4y,..., B,} be a set of n individu-
ally inconsistent possibilistic knowledge bases, then the re-
sult of merging the bases i by a merging operato® is

BEB = {(¢,@(a17 "'7an)) : EBi I—A ((ba az)} (6)
whereX g, is the layered belief base associated with

This method will not ignore any formula iB; even if B; is
inconsistent.

The following lemma provides a method to compitg
defined by Equation (6).

Lemma2 Let By = {(¢i,a;) : i = 1,..,n} and B, =

{(¥;,b;) : j = 1,...,m} be two inconsistent possibilis-

tic bases. The merging resul;, of B; and B, following

Equation (6) is equivalent to

Bg {(¢s,®(ai,0)) : (¢i,a;)€EBy and ¢; € B*} U
{5, ®(0,b5)) : (¢;,b;)€B2 and ¥; & Bi"} U

®3)

thenb = ®(ay,0). Suppose S is an argument f@f, a;)
in ¥ p,, then by Definition 3 and Definition 4, there exists
a subset of S, denoted BYy, which is also an argument
for (¢,a;) and the necessity degrees of all the formulas
in S; are greater thanu;. SinceB4A C Bg, each for-
mulag; with necessity degreg in .S; belongs td34 with
the necessity degree at leasta;,0). By the unanimity
property of®, ®(a;, 0)> & (a1, 0), for each(¢;, a;)€S; .
We have assumed that = @&(a1,0)>Inc(Bg), SO
®(ai,0)>Inc(Bg), for each (¢;,a;)€S;. Therefore,
there is a formula(¢, a) s.ta> @ (a1,0) in Bg, and so
the formula(¢, ®(ay,0)) is subsumed iBg,.
Supposer; >0 and a>>0. Let S; is an argument for
(¢,a1) in X, andS, be an argument fof¢, a>) in X p,
such that the necessity degrees of formulaSiirand .S.
are greater tharu; anda, respectively. Sincﬁg C Bg,
the disjunctions between formulas 8f and .S,, which
entail ¢, belong toBg with the weight®(a;, a;), where
(¢s,0;)€S1 and (vj,a;)€S2. By the unanimity prop-
erty, @(ai,aj)z D (0,1,a2), for any (¢i,ai)651 and
(1, a;)€Ss. Thereforegp is subsumed ifBg.

In Equation (7), the formuldé;, ®(a;,0)) belongs tong
because there is an argumé#t;, a;) for ¢; in B; and
no argument exists fop; in B,. The same explanation
applies to the formulg«;,b;). Moreover, the formula
(¢s V ¢, ®(ai, b;)) is in ng because it has an argument
(¢:,a;) In By and an argumertt);, b;) in Bs.



ng is different from B, ¢’ B, defined by Equation (4),
where®' is the dual operator af, this can be seen in two
aspects.

1. For each formula, if (¢,a)eB; and(¢, b)€B,, where
a,b>0, it belongs toBZ with the weighte(a,b). By con-
trast, it will appear inB1 &' By with three different forms,

i.e., (¢,®(a,0)), (4,®(0,b)) and (¢, B(a,b)). Itis clear
that(¢, ®(a,0)) and(4, ®(0, b)) are redundant information
and we can delete them to make the knowledge base simpler.

Examplel Let B; {(#,0.4), (v,0.5), (—¢,0.7),
(7,0.7)} and B- {(#,0.2), (¢ V v,0.6)} be two
possibilistic knowledge bases. If we take the “bounded
sum”, which is defined aspy(a,b) = min(l,a + b),
as the merging operator, then by Lemma 2, the result of
mergingB; and B, is B4, = {(¢,0.6), (¢,0.5), (=¢,0.7),

(7,0.7), (% V 74,0.6),(¢ V ¥ V 7,1), (¢ V 7,1),(¢ V
1#,0-7),(_%17 V_¢ \ 7,1)7_(7 \ ¢,09),(’7 \/ 1!1,1)}
By contrast, if we combineB; and B, using Equa-
tion (4) with the “Lukasiewicz t-norm” @y (a,b)
maz(0,a + b — 1)), the result of merging iB1 & By =
{((ba 06)7 ((ba 04)7 ((ba 02)7 (% 05)7 (_'Qb, 07), (’77 07)7 (wv
7,0.6), (¢ VYV y,1), (1 Vy,1),(¢V,0.7),(mp ViV
7,1),(vV ¢,0.9), (y Vi, 1)}

In Example 1,0 appears inggb with weight 0.6, however,
it appears inB; @1, B> with three different weights 0.6, 0.4,
and 0.2 respectively. The formulég, 0.4) and(¢,0.2) are
redundant information, because we have combiiged.4)

in By and(¢,0.2) in By into (¢, 0.6) and we have no reason
to keep(¢, 0.4) and(¢, 0.2) in the result of merging.

2. In (Benferhat et al. 2001), some merging opera-
tors were introduced to combine two possibilistic knowl-
edge bases using Equation (4). It has been pointed
out that themaximumoperator is appropriate when the
sources are highly conflicting with each other andntia-
imum operator is meaningful when the sources are con-
sistent. When thenaximumoperator is chosen, the re-
sult of merging iSB1@mawBQ = {(qﬁiij,min(ai, b])) :
(¢i,0;)€B1 and (¢;,b;)€By}. Clearly Bi®mq. B> is a
too weakresult of merging, i.e., a lot of information is lost.
The reason that theaximunmoperator is chosen is because
the inconsistency is viewed as a bad thing and need to be
avoided in (Benferhat et al. 2001). However, if we believe
that the inconsistency may contain some important informa-
tion and keep it, we will not choose tmaximunoperator.
Therefore, we think it is implicitly assumed that the origi-

nal knowledge bases are self-consistent or at least the incon-

sistency should be avoided by choosing appropriate merg-
ing operators in (Benferhat et al. 2001). By contrast, our
method is applied to merge inconsistent knowledge bases
explicitly and we want to keep all the information in the
original knowledge bases after merging.

Properties of the argument-based method

In this subsection, we discuss the relationship between the
argument-based method and the original method in (Ben-
ferhat & Kaci 2003). The following two propositions show
that the argument-based method is a generalization of the
m-consequence relation based merging method.

Proposition 4 LetB = {B, ..., B,,} be a set of n individu-
ally consistent possibilistic knowledge bases, then the result
of merging B; satisfying Equation (6) is the same as that
satisfying Equation (2).

Proof.

WhenB; (i = 1, ...,n) are consistent, for any possibilis-
tic formula (¢, a;), B; F» (¢,a;) iff there exists an argu-
mentfor(¢, a;) in ¥ p,. Therefore, the result dB; satisfying
Equation (6) is the same as that satisfying Equation (2).

Proposition 5 Let B; and B, be two possibilistic knowl-
edge bases, B4 is the the result of merging; satisfying
Equation (7) and3/] is the result of merging3; satisfying
Equation (3), therB/F=,84 and (B/F)* C(B4)*.

Proof.

By Lemma 1, Lemma 2 and Corollary 1, it is easy to
check tha gszg. By Equation (3) and Equation (7),
it is clear (BF)*C(B4)*. To show the converse is not
true, let us consider the following counter-example. Let

By = {(¢,0.7), (=9,0.5), (v,0.5)} and By = {(¢,0.6)}.
Sincelnc(B;) = 0.5,y cannot appear irB;. However, we

have(y, ®(0.5,0)) € B.

Proposition 5 shows that the merging result obtained by the
argument-based method contains some information that is
ignored by ther-consequence relation based method. In the
counter-example, the formufais not in conflict with other
formulas, so it is not advisable to delete it. In fagtmay

be important information and can be recovered ftt@gi by
some inconsistency-tolerant consequence relations in (Ben-
ferhat et al. 1993b; 1998). For example, it is easy to show
that+y is an argumentative consequencé?@‘.

The following proposition comparﬁg andB; &' Bs.

Proposition 6 Let B; and B> be two possibilistic knowl-
edge bases. lng is the the result of mergin@; and B,
satisfying Equation (7) an®; &' B, is the result of merg-
ing B; and B, satisfying Equation (4), where' is the dual
operator of®, thenBA=, B, &' B, andBACB; &' Bo.

The proof of Proposition 6 is obvious, so we will not provide
it here.

Multiple-operator based method

The merging methods introduced above use only a single op-
erator to define the combination of possibilistic knowledge
bases even if some information in it is in conflict. Let us use
the following example to see the problem of a single opera-
tor based merging methods.

Example2 Let B, {(#,0.7), (¥,0.7), (&,0.8)} and

By = {(=¢,0.8),($,0.5),(1,0.8), (£,0.6), (v,0.4)} be
two independent knowledge bases.and ¢ are supported

by both B; and B, with high degrees and they are not in-
volved in inconsistency aB,UB,, so there should be a
reinforcement effect for them. Suppose the merging oper-
ator is the probabilistic sumdefined as®(a,b) = a +

b — ab, which is a common used operator with reinforce-
ment effect. By Lemma 2, the result of combination of
B, and B; is B4 {(—¢,0.8), (v,0.4), (¢,0.85), (¢ V
1,0.94), (¢ V €,0.88), (6 V 7,0.82), (= V 1,0.94), (¢ V



1,0.85), (1,0.94), (v vV £0.88),(¢p V v,0.82),(—¢ V Definition 10 (Benferhat et al. 1997b) A subbase B of a
£,0.96), (¢ Vv E£,0.9), (v VE0.94),(£,0.92), (£V~,0.88)}. classical knowledge base is said to be minimally incon-
sistent (ml-subbase for short) if and only if it satisfies the

In this example, the necessity degreeg and¢ increase be- following two requirements:

cause therobabilistic sumhas reinforcement effect. How- e B|=false, and

ever, formulasp and—¢ are strongly in conflictand sothey e VopeB, B—{¢} [~ false.

should counteract with each other. Therefore, the necessity

degrees of botky and—¢ should be lower than the original

ones. On the contrary, the necessity degregiotreases to . . .

0.85 and the necessity degree-af remains high (0.8) af- .COSS'Stfné Slg)basle_ Ef.;’he set of formulas in conflict I

ter the combination, which is unreasonable. This problem is 1S denoted agon flict().

caused by using only a single operator to combine both the  Now we provide our multiple-operator based merging

consistent and conflict formulas. method. We always assume that if a formglaloes not
Let B; andB; be two possibilistic knowledge bases from  appear in a possibilistic knowledge baethen(¢,0) has

two different sources. For those formulas that are involved been added tB.

in the conflict inB,UB,, their necessity degrees should de-  pasinition 12 Let By = {(é:. a:) =i = 1 andB

crease after combination because they will counteract with 1= {600 1 ) .

each other. By contrast, the necessity degree should inCreasey,ses. Let, anda®, be a strong conjunctive operator and

for those formulas that are supported by both sources. an up-averaging operator respectively. The combination of

Before giving the definition of the multiple-operator B, and B, is defined af\ g, ¢, (B1, B>) = CUD, where
based merging method, let us introduce a merging operator oatTh '

in Benferhat & Kaci 2003. C = {¢,®a(a,b)|pc(Conflict(BiUB))*,(¢,a) € By
and (¢v b) € BQ}:

Definition 11 A formulag is said to be in conflict in a clas-
sical knowledge basE iff it belongs to some minimally in-

{(¢;,b;) : j = 1,..,m} be two possibilistic knowledge

Definition 8 An operator® is said to be strongly conjunc-
tive on [0,1] if for all (a1, -.., an)
D = {¢7 EBS(G': b)|¢¢(confl16t(BIUB2))*a (¢7 CL) € B1
®(ay, ..., an)>mazx(ay, ..., a,). and (¢,b) € By}

A strongly conjunctive operator has many favourable prop- In Definition 12, we use two operators, one is a strongly con-
erties because it satisfies most postufatéwmt are in- junctive operator and the other is an up-averaging operator,
troduced in (Benferhat & Kaci 2003) to characterize a to merge the possibilistic knowledge bases. For those formu-
merging operator. If a strongly conjunctive operator |as thatare not in conflict if8; UB,, we choose the strongly
satisfies®(ay, ..., an)>maz(ay, ..., a,) WhenVa;#1, and conjunctive operator to combine them. But for those formu-
®(ay,...,a,) = 1 when3i such thatz; = 1, it is called a las that are in conflict, we use the up-averaging operator to
reinforcemenbperator. A strongly conjunctive operator is  combine them.
suitable to merge formulas that are not involved in conflict, Another important point in favour of Definition 12 is that
especially those supported by both sources. Ag, @, (B1,B>) only contains the formulas iB; and B

We propose another operator as follows. and does not consider the formulas that can be inferred from

o ) i . By or Bs. In practice, when an agent needs to combine the

Definition 9 An operator® is said to be an up-averaging  jnformation given by some different agents, he or she will
operator if for all (a1, ..., a,) not always consider the implicit information, i.e., the infor-
mation that can be inferred from a source, because some-
times the amount of information is vast, it may not be fea-
sible to spend that much time on inferring all the conse-
guences. Moreover, considering only the formulas in each
knowledge base makes the computation easy because we do
not need to compute the formulas inferred from the original
knowledge bases.

®(ar, ..., an)<maz(a, ..., ap)-

This operator reflects that a merging result cannot be greater
than the greatest of all. An example of an up-averaging op-
erator is aveighted aveage, which is defined as(a, b) =

xza + yb, wherez, y€[0,1] andz + y = 1. Whenz = y =

1/2, this operator is the standard average operator and when

x > y (orz < y), the source associated withis given Example3 (Continue Example 2) Suppose the merg-
more credit than the other source (or vice versa). If an up- ing operators are @,(a,b) = a + b — ab and
averaging operator satisfieg a1, ..., a,)<maz(ai, ..., a,) ®q(a,b) = (a + b)/2. By Definition 12, the result of
whendi, a;7#0, it is called acounteractoperator. An up- the combination ofB; and B, is Ag, o, (B1,B2) =

averaging operator is suitable to merge formulas that are in- {(¢, 0.6), (=, 0.4), (1, 0.82), (£,0.5), (7,0.4) }.

volved in conflict. In Example 3, the necessity degrees of bgtand—¢ de-

2A strongly conjunctive operator satisfies the postulaies crease and the necessity degree &f greater tham¢ after
i=1,...,5. Only the postulat&s which refers to a decomposition combination. The necessity degrees of other formulas in Ex-
of one group into two groups are satisfied by a strongly conjunc- ample 3 are the same as those in Example 2. However, those
tive operator is not satisfied by a strongly conjunctive operator. formulas appearing in disjunctive form in Example 2 do not



exist in Example 3. Although we can only infer such formu-
las fromAg, o, (B, B2) with necessity degrees lower than
those in Example 2] g, o, (B1, B2) is much simpler than
B4 in Example 2.

In Definition 12, all the conflict formulas are weakened to
have lower necessity degrees after combination. However,

Conclusions

In this paper, we proposed two different methods to merge
several possibilistic knowledge bases. The first method,
called an argument based method, is a revision of the merg-
ing method in Benferhat & Kaci 2003. This method is

proved to be more advisable than the method in Benferhat

in some cases, it may be more reasonable to have the neces& Kaci 2003 to merge individually inconsistent knowledge

sity degrees of some formulas in conflict increased. For ex-
ample, suppose we have two possibilistic knowledge bases
B; = {(¢,0.7),(¢,0.7)} and By = {(—¢,0.4),(¢,0.7),
(1,0.4),(£,0.5), (,0.4) } from two sources of information.
Clearly, ¢ is supported byB;. Although¢ is involved in
conflict in B, the necessity degree o¢fis greater than that

of =¢, so¢ can be considered to be supported®y as a
whole. Therefore, both sourceapport¢ and then the ne-
cessity degree af should increase.

Definition 13 Let B be an inconsistent knowledge base. A
formula ¢ that is in conflict inB is said to be weakly sup-
ported byB if and only if3(¢, a)€ B such thata>b for all
(—,b)€B.

Definition 14 Let B; andB; be two possibilistic knowledge
bases. A formula is said to be in weak conflict with regard
to By and Bs if and only if ¢ is weakly supported by,
and B, separately. The set of formulas in weak conflict with
regard toB;UB; is denoted as WeéR;UB>).

Now we define another multiple-operator based method.

Definition 15 Let B; = {(¢i,a;) : i =1,...,n} and By =
{(¥;,b;) : j = 1,...,m} be two possibilistic knowledge
bases. Letp; and@, be a strong conjunctive operator and
an up-averaging operator respectively. The combination of
By and Bs is defined as\}, ., (Bi, B2) = CUD, where

C

{(¢, ®a(a,b))|de(Con flict(BiUB2)\W eak
(BlUBQ))*a (¢7a) € Bl and (¢v b) € BQ}:

D {(¢,@s(a,b))|pg(Con flict(B1UB2))* or ¢€

(VV@GIC(BluBg))*, (¢7, a) € B1 and (¢, b) € B2}

In Ay 4. (B, B2), necessity degrees of those formulas
that are in conflict and are not weakly supported by both

sources will decrease. By contrast, the necessity degrees of

the formulas that are not involved in conflict or weakly sup-
ported by both sources will increase.

Example4 Let B {(¢,0.6),(¢,0.7)} and Bs
{(_'Qﬁ, 04), (¢, 07), (UJ, 04), (fa 05)7 ('7, 04)} Suppose
the merging operators areb;(a,b) a+ b — ab
and ®,(a,b) (a + b)/2. Since ¢ is in conflict
weak with regard toB,UB-, by Definition 15, the result
of merging isAf, 4 (B1,B2) = {(4,0.88),(=¢,0.2),

(1,0.82), (£,0.5), (7,0.4) }.

Although the result of the second multiple-operator based
merging method is more reasonable than that of the first
one, it is computationally more expensive because it needs
to check whether a formula is weakly supported by two
sources.

bases. The single operator based methods combines all the
formulas using one operator. Therefore, we can not differ-
entiate the consistent formulas and conflict formulas. More-
over, the combination is applied to the belief set, i.e., the set
of formulas closed under some consequence relation. This is
computationally too expensive. The second method, called a
multiple-operator based method, has two different versions,
both of them deploy two operators for consistent and con-
flict formulas respectively. In the first version, one operator
decreases the degree of belief of a formula in the conflict
set and another increases the degree of belief of a formula
belong to the consistent set. In the second version, the op-
erator that deals with the conflict formulas is revised to de-
crease those formulae that amdeedconflict, whilst the rest
so-called conflict formulas are merged using the second op-
erator, since both sources show the support for them.
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