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Belief revision characterizes the process of revising an agent’s beliefs when receiving new evidence.
In the field of artificial intelligence, revision strategies have been extensively studied in the context
of logic-based formalisms and probability kinematics. However, so far there is not much literature on
this topic in evidence theory. In contrast, combination rules proposed so far in the theory of evidence,
especially Dempster rule, are symmetric. They rely on a basic assumption, that is, pieces of evidence
being combined are considered to be on a par, i.e. play the same role. When one source of evidence is
less reliable than another, it is possible to discount it and then a symmetric combination operation is
still used. In the case of revision, the idea is to let prior knowledge of an agent be altered by some input
information. The change problem is thus intrinsically asymmetric. Assuming the input information
is reliable, it should be retained whilst the prior information should be changed minimally to that
effect. To deal with this issue, this paper defines the notion of revision for the theory of evidence
in such a way as to bring together probabilistic and logical views. Several revision rules previously
proposed are reviewed and we advocate one of them as better corresponding to the idea of revision.
It is extended to cope with inconsistency between prior and input information. It reduces to Dempster
rule of combination, just like revision in the sense of Alchourron, Girdenfors, and Makinson (AGM)
reduces to expansion, when the input is strongly consistent with the prior belief function. Properties of
this revision rule are also investigated and it is shown to generalize Jeffrey’s rule of updating, Dempster
rule of conditioning and a form of AGM revision.

Keywords: Theory of evidence; belief revision; probability; Dempster conditioning.

1. Introduction

Belief* revision depicts how an agent revises its prior beliefs when new evidence (called
input) is received. Often, the input is to some extent conflicting with prior beliefs. There-

aThis paper is an extended version of a conference paper 1.
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fore, belief revision is a framework aiming at characterising the process of belief change,
so as to accommodate new evidence and reach a new consistent set of beliefs.

Logic-based belief revision has been intensively studied since the well known AGM
postulates ! were proposed, e.g., by Katsuno and Mendelzon 7, Darwiche and Pearl ©,
Nayak et al. 22, Booth and Meyer #, Jin and Thielscher 16, etc. Belief revision on ranked
epistemic states is also receiving more and more attention nowadays, e.g., Benferhat and
colleagues 32, Ma and colleagues '?-2°, etc. For numerical oriented uncertainty formalisms,
Jeffrey’s rule ° is frequently referred to in probability theory. It has direct counterparts in
possibility theory %2 and in the ordinal conditional function framework?%:18.

The theory of evidence, also known as Dempster-Shafer theory of evidence (DS the-
ory) 72432 rapidly gained a widespread interest for modeling and reasoning with uncer-
tain/incomplete information. When two pieces of evidence are collected from two distinct
sources, it is necessary to combine them to get an overall result. So far, many combina-
tion rules (e.g., Smets 2® for a review) have been proposed in the literature. These rules
involve an implicit assumption that all pieces of evidence come from parallel sources that
play the same role, hence they are symmetric. Especially, when a source is less important
than another, the corresponding piece of information is discounted and the above symmetry
assumption still applies. Combination is typically applied to pieces of information received
from the “outside”. However, an agent may have its own prior opinion (from the inside),
and then receive some input information coming from outside. In such a case, the prob-
lem is no longer one of combination, it is a matter of revision. Revision is intrinsically
asymmetric as it adopts an insider point of view so that the input information and prior
knowledge play specific roles, while combination is an essentially symmetric process, up
to the proper handling of unequal reliabilities of sources.

Combination and revision share a common feature: they deal with pieces of information
of the same nature (for instance pieces of generic knowledge, or uncertain observations).
However, two principles that do away with symmetry should guide the revision process:

(1) Success postulate: information conveyed by the input evidence should be retained after
revision;

(2) Minimal change: the prior belief should be altered as little as possible while complying
with the former postulate.

It should be noted that new evidence (input information) can be either sure or uncer-
tain. Furthermore, if new evidence is uncertain, uncertainty can either be part of the input
information, hence enforced as a constraint guiding the belief change operation (this is the
idea of the success postulate) or it is meant to qualify the reliability of the (otherwise crisp)
input information 9. In the latter case, the success postulate is questionable. In this paper,
we focus on the former case, where new uncertain evidence is accepted and serves as a
constraint on the resulting belief state.

In probability theory, revision strategies are studied in the context of probability kine-
matics ®. Probability kinematics considers how a prior probability measure should be
changed based on a new probability measure, which should be preserved after revision,
on a coarser frame (a subalgebra of the probability space). Jeffrey’s rule ® is the most
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commonly used rule for achieving this objective. It respects a form of minimal change and
grants priority to the input information.

However, to the best of our knowledge, there is no widely accepted revision rule in
evidence theory, partly because Jeffrey’s rule cannot be directly extended to general mass
functions. There are several proposals for an extension of Jeffrey’s rule for belief functions.
Quite often, the input information still takes the form of masses assigned to the elements of
a partition of the frame of discernment. In this paper, we first discuss the form a revision rule
(or operator) should take in order to comply with the success and the minimal change pos-
tulates when the input is a general mass function. We study previous mass-function-based
revision rules, and adapt them to the case of inconsistent input. One of these proposals is
shown to obey the principles of revision. It is also defined using another equivalent con-
structive approach that uses a bipartite graph framework. This equivalence is significant
since these two approaches start from different perspectives, and in some sense, one can
be seen as a justification for the other. Finally, we prove that our revision rule generalizes
Jeffrey’s rule, Dempster’s conditioning, and a form of AGM revision conjointly, and start
investigating the issue of iterated revision.

The rest of the paper is organized as follows. We give some preliminaries on DS theory
in Section 2. In Section 3, we review revision rules in frameworks less expressive than mass
functions. This section also discusses principles a revision rule on mass functions should
satisfy. We then review existing revision rules for mass functions in Section 4 and propose
one that generalizes Dempster rule of conditioning, Jeffrey’s rule, and a crude form of AGM
revision. We call it Jeffrey-Dempster revision rule. Section 5 reconsiders this revision rule
from a different angle, proposing an algorithm for computing it. Section 6 provides several
properties of the revision rule and preliminary results about its iteration.

2. The theory of evidence

Let W be a set, understood as a set of possible worlds, and called the frame of discern-
ment. W contains the solution to a problem, or a description of possible states of affairs.
An epistemic state is often either represented as a mere subset of possible worlds (for in-
stance the set of models of a belief set made of propositional formulas), or by a single
(subjective) probability distribution (typically in the Bayesian setting, where probabilities
represent degrees of belief). The theory of evidence 2 in some sense reconciles the two
views by defining a probability distribution over subsets of possible worlds.

Definition 1. A mass function is a mapping m : 2 — [0, 1] such that

Z m(E) =1 and m(0) = 0.
ECW
E is called a focal set of m if m(E) > 0. The set of focal sets of m is denoted by F,,. Let
S(m) denote the support of m, i.e. the union of the focal sets, that is, S(m) = Upcr, E
where the E's are focal sets of m.
A mass m(FE) is not the probability of an event F, it is the probability that the epistemic
state of an agent is properly represented by the set E. Denoting by P(A) the probability of



April 22,2011 19:28 WSPC/INSTRUCTION FILE Ma-Liu-DP

4 Jianbing Ma, Weiru Liu, Didier Dubois, Henri Prade

an event A, the weight m(FE) is really construed as the probability P({E}) on the power
set of W.

A mass function m is called Bayesian if and only if all its focal sets are singletons.
Then it is a standard probability distribution. A mass function m is called partitioned if
and only if its focal sets F1,- - -, F)y, form a partition of W, ie., E1 U---U E, = W and
E; N E; = 0 fori # j. A mass function m is called consonant if and only if its focal sets
are nested. In particular, if m has only one focal set E with m(E) = 1, it represents an
epistemic state whereby all that is known is that the state of the world lies in E.

Given m, its corresponding belief function Bel : 2" — [0, 1] is defined as

Bel(A) = Y m(E),

ECA
and its corresponding plausibility function Pl : 2" — [0, 1] is defined as

PI(A) =1- Bel(A) = Y m(E).
ENA#)

Plausibility and belief coincide with a probability measure when the mass func-
tion is Bayesian. A belief function is a necessity measure, i.e. Bel(A N B) =
min(Bel(A), Bel(B)), equivalently a plausibility function is a possibility measure, i.e.,
PI(AU B) = max(PI(A), PI(B)), if and only if the mass function is consonant 4.

There are several conditioning methods for belief/plausibility functions '°. The follow-
ing, called Dempster conditioning is the most commonly used one 4.

Definition 2. Let B be a subset of W such that PI(B) > 0, then the Dempster conditioning
functions on B can be defined as

m(A|B) = ZE:A;?(;”E),

Piap) = 2,
PI(B) — PI(An B)
PI(B) ’

Bel(A|B) =1— PI(A|B) =
where A # () and m(()| B) is defined as 0.

Dempster conditioning can be viewed as a revision rule that transfers the mass bearing on
each subset A to its subset A N B, thus sanctioning the success postulate. Moreover, re-
sulting masses bearing on non-empty sets are renormalized via simple division by Pl(B),
i.e. the mass function inside B does not change in relative value, which expresses a form
of minimal change. However the apparent asymmetry of the conditioning rule is due to the
assumption that B is a true fact, while m involves uncertainty. It does not presuppose an in-
trinsic asymmetry, whereby the mass m represents the epistemic state of an agent receiving
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information B. Dempster conditioning can also be viewed as the symmetric fusion of un-
certain pieces of evidence represented by m and a sure fact B represented by m/(B) = 1.
In particular it is a special case of the well-known Dempster rule of combination defined as

_ >_B,c:Bro=a M(B)mM'(C)
>oB.c:Brczs B (C)’

which is formally a random set intersection followed by a renormalization. The status of
Dempster conditioning with respect to symmetry (i.e., is it revision or combination?) is
totally ambiguous. Dempster rule of combination is a symmetric extension of Dempster
conditioning. The revision rule we shall advocate is an asymmetric extension thereof.

Another important concept in evidence theory is the one of specialisation. It general-
izes a natural notion of comparison of information content. An epistemic state A is less
informed than another one B if and only if B C A: the former is a specialisation of the
latter.

This notion is naturally extended to mass functions as follows:

(m®m')(A) (1)

Definition 3. (Specialisation ') We write m = m’ (C is typically called s-ordering) if
and only if there exists a square matrix 3 with general term o (A, B), A, B € 2" verifying

> o(A,B)=1YBCW,
ACW

0(A,B)>0=ACB, A, BCW,
such that m(A) = > pcy 0(A, B)m'(B),VA C W.

The term o (A, B) may be seen as the proportion of the mass m’(B) which is transferred
(flows down) to A. Matrix X is called a specialisation matrix, and m is said to be a spe-
cialisation of m’. Specialisation is an extension of set-inclusion to random sets. In fact,
specialisation between two mass functions can be equally seen as a generalization of im-
plication in propositional logic. That is, we have

Proposition 1. Let ¢ and 1 be two propositions in a language such that W is its set of
interpretations. Denote M od(¢) (resp. Mod(1))) the set of models of ¢ (resp. 1) and let m
and m’ be two mass functions on W s.t. m(Mod(¢)) = 1 and m'(Mod(¢)) = 1 stating
that proposition ¢ (resp. ) is true in m (resp. m’). If m is a specialisation of m/, then

¢

Proof: From Def. 3 and the fact that each of m and m’ only has one focal set, i.e.,
Mod(¢) and Mod(1)), respectively, it must be o(Mod(¢), Mod(¢)) > 0 (in fact
o(Mod(¢), Mod(v)) = 1) which implies Mod(¢) C Mod(t)) which is equivalent to

oy O

Example 1. Let W = {w;,ws, w3}, and let m and m’ be two mass functions such
that m({w1}) = 0.3, m({wz}) = 0.5, m({w1,w2}) = 0.1, m({wa,ws}) = 0.1, and
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m'({w1}) = 0.1, m'({wy,w2}) = 0.5, m’({wa, w3}) = 0.4. Then m is a specialisation
of m’, since m’ flows a mass value 0.2 from {wy,ws} to {w; } (i.e., o({wr }, {w1,wa}) =
0.4), a mass value 0.2 from {wy, w2} to {wy} and a mass value 0.3 from {ws, w3} to {ws }.

Table 1: The Specialisation Matrix .

m\ m' | {1} | {2} | {3} | {1.2} | {1.3} | {23} | W
{1} 1 0 0 z 0 0 0
{2} 0| 0] 0 2 0 s 0
{3} 0] 0] 0 0 0 0 0
{12y | o] 0] O : 0 0 0
{13 | o] 0] O 0 0 0 0
{2,3} 0 0 0 0 0 1 0

W 0] 0] 0 0 0 0 0

Notation {i} stands for subset {w;}. Value 2 on the Ist row shows the fraction of the

m/ ({w1, w2}) that will flow down to subset {w }, namely o ({w1}, {w1, ws}) = 2.

Note that for probability distributions specialisation is an empty concept: a probabil-
ity measure is a specialisation of another if and only if they are equal. This is because a
probability measure cannot convey incomplete information, contrary to an epistemic state
represented by a set. Usually, informational comparison between probability measures is
done via their respective entropy measures.

3. Revision rules

The major approach to belief revision is the one described by Girdenfors and his
colleagues!. Although couched in logical terms using a propositional language, its thrust is
basically semantic, a closed belief set being equated to its subset of models. The axiomatic
framework for the AGM revision explicitly uses the success postulate as a means of mak-
ing the revision process asymmetric. The idea of minimal change is expressed in a more
distributed way via the other AGM axioms. On the other hand, in probability kinematics,
Jeffrey’s rule '® was also devised with a view to respect the success postulate, and the
minimal change is stated as an inertia axiom (what need not change will not change). The
minimal change principle has also been expressed by showing the result of Jeffrey’s rule
minimizes an informational distance to the prior probability 3!. In this section, we recall the
AGM style revision in terms of sets of possible worlds, and describe the basics of Jeffrey’s
rule. Then we provide a rationale for a revision rule in evidence theory, that may, in some
sense extend both types of revision.

3.1. Revising sets of possible worlds

Let E C W, E # () be the prior epistemic state of an agent who knows that the actual
world lies in E. Let E; C W, E1 # () be the input information stating that the actual world
actually lies in E7, that the agent supposedly accepts as being true. There are two cases
distinguished by the AGM theory:
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(1) Either £ N Ey is not empty (the two pieces of information are consistent), and the
resulting epistemic state is £ o £y = E N Ey.

(2) Or E N E; = 0, (the two pieces of information are inconsistent), and the resulting
epistemic state is some subset £ o E; C Ej.

The first situation is called expansion in the AGM theory. It is clearly symmetric and co-
incides with a fusion rule. The minimal change principle is at work since F is indeed
minimally modified to accept E;. The second situation corresponds to what Gérdenfors
and his colleagues calls genuine revision, in that the resulting epistemic state denies the
prior one. The AGM axioms enforce a certain method for the choice of a suitable sub-
set £ o E; C FEj. Namely, they come down to assuming that the prior epistemic state
FE is the visible part of a deeper knowledge made of a weak ordering >~ on W, where by
w1 >~ wy means that wy is more plausible than ws, such that E contains all the maximal
elements (we say that > is E-faithful). The weak order > defines a well-ordered partition
{U1,---,U,} of W, where Vw; € U;, w; € Uy, i > jif and only if w; > w; and E = U;.
Leti = min{j : U; N E; # 0}. Then E o E; = {w € Ey, Auw' € Er,w’ > w} is the set
E7 N U; of most plausible worlds in E7.

It has been argued ? that the existence of this plausibility ordering makes this construc-
tion ambiguous:

e One possible interpretation of the weak ordering > is that it represents the agent’s
background knowledge expressing that in general if what is known is E'; then the most
plausible worlds are 2 o E; C E;. Then the agent possesses an explicit representation
of this background knowledge in the form of rules A — B from which the weak
ordering > can be derived. In that case, the revision process comes down to a form
of non-monotonic inference whereby the background knowledge is queried, based on
the incomplete observation E, and the plausible conclusion is E o E. But clearly the
plausibility relation is not revised.

e Another interpretation is that of a fusion rule on a par between E7 that is a crisp infor-
mation (whereby the elements w ¢ E; are deemed impossible) and a ranked epistemic
state > conveying some uncertainty, resulting in the restriction of > to E7, that is, not
really a revision process (in fact a kind of ranked expansion).

However, the genuine revision problem is an asymmetric process of minimally changing
a prior plausibility ordering >, viewed as a refined description of an epistemic state by
means of another input plausibility ordering > ;, that must be respected. In this setting the
AGM axioms must be lifted to the revision of ranked epistemic states. There are works
on the latter topic (see Dubois ? for some bibliography). We adopt this view in this paper.
However, in this subsection, we assume that the well-ordered partitions reduce to (E7E)
for =, and (Ey, FE 1) for the input weak order. Then the AGM revision of E by E; reduces
to:

EoE; = ENE if ENE; #0
= E; otherwise 2
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Note that this revision rule also underlies a principle of minimal commitment: Any result
of E o Ej of the form A C E; makes sense when input and prior are inconsistent, and is
of the AGM style: the ordering of possible worlds induced by the AGM axioms explains
how to select the subset A. However if this ordering is not available then it is cautious to
consider £ o E; = E;. While we will be using the above revision rule in the sequel, all
definitions of revision rules below can be adapted to the case where F o Ej is the subset of
most plausible worlds in £ dictated by an E-faithful plausibility relation >.

3.2. Revising probability distributions

Jeffrey’s rule applies when the two weak orders >~ and > are encoded as probability dis-
tributions P (the prior epistemic state) and P respectively. Jeffrey’s rule was introduced
as follows.

Definition 4. Let P be a probability measure over W denoting and P; be a probability
measure over a partition {Uy, - -, U, } of W denoting the input evidence. Let o; denote
Jeffrey’s rule. Then, VA C W

Poy Pi(A) =Y Pi(U;)P(AU)). 3)

Some axioms guide the revision process carried out by Jeffrey’s rule. The success pos-
tulate writes:

Poy Pr(U;) = Pr(Uy). “4)

It is clear that the coefficient P;(U;) represents what the probability of U; should be, and
not (for instance) uncertainty about the reliability of piece of information P;(U;).
Note that for w € Uj, Jeffrey’s rule (3) can be simplified as

P({w})
PoyP = P(U; . 5
oy Pri{w}) = Pr(Us) PO (5)
That is, the revised probability of element w within each U; is the same as its prior prob-
ability in relative value. More generally, the probability of any event A conditional to any
uncertain event U; in this subalgebra is the same in the original and the revised epistemic
states. Namely,

VU“VA,P(A|U2) :POJ P[(A|Ul) (6)

The minimal change principle expressed by the constraint of Eq. (6) says that the revised
probability measure P o; P must preserve the conditional probability degree of any event
A given uncertain event U;. Jeffrey’s rule of conditioning yields the unique distribution that
satisfies Egs. (4) and (6) (see, e.g., Chan and Darwiche®). The posterior probability also
minimizes relative entropy with respect to the original distribution under the probabilistic
constraints defined by the input Py 3!.

Shafer 2° noticed that one can see the input probability function P on the partition as a
belief function on W, where the mass function is m; such that m;(U;) = P;(U;), Vi. Then



April 22,2011 19:28 WSPC/INSTRUCTION FILE Ma-Liu-DP

JEFFREY’S RULE, AGM REVISION AND DEMPSTER CONDITIONING 9

he proved that for each input m;, there exists a belief function with mass function mp,
such that Jeffrey’s rule can be written as P o; P = mp ® mp applying Dempster rule of
combination (1) between the Bayesian mass m p associated to P and the mass function mp
that can be built from m;. Note that this remark brings the obviously asymmetric Jeffrey’s
rule back to the symmetric camp of fusion rules just like it does for Dempster conditioning.
Following this line, only Dempster rule of combination is needed for revision.

However, we claim that this formal result is misleading: it does not rule out the pos-
sibility of an asymmetric generalisation of Jeffrey’s rule that is is more in the spirit of its
inventor, that is, one that obeys the success postulate and a rule of minimal change with
respect to the prior mass function, while extending Dempster conditioning.

3.3. The need for an asymmetric revision rule in DS theory

Let us look at the following example of revision problem (adapted from Jeffrey °).

Example 2. An agent inspects a piece of cloth by candlelight, gets the impression it is
green (my({g}) = 0.7) but concedes it might be blue or violet (m;({b,v}) = 0.3). How-
ever the agent’s prior belief (before using a candle) about the piece of cloth (we have no
information about how this opinion was formed) was that it was violet (m(v) = 0.8) with-
out totally ruling out the blue and the green (m(b, g) = 0.2). How can she modify her prior
belief so as to acknowledge the observation?

Clearly, the input evidence has priority over the prior belief, hence after revision, we should
conclude that the cloth color is more plausibly green. However, symmetric combination
rules in DS theory may fail to produce this result. For example, if we apply Dempster’s
rule of combination, then we get m({v}) = &, m({g}) = 55, m({b}) = =5 which shows
violet, in contrast with what the observation suggests, is the most plausible color, and that
the situation is more confused than before getting new information. Indeed, one might
expect the direct observation of the piece of cloth should result in being more informed
than previously. The counterintuitive result produced by the combination rule here stems
from the underlying assumption that we treat the prior belief and the input evidence on a
par. Therefore, to solve the above belief change problem, the correct action is to perform
revision instead of combination.

3.4. Principles of mass function based revision

Now we discuss how the two general principles of revision can be applied to mass-
functions. Let o be a revision operator which computes a posterior mass function m =
m o my from two given other mass functions, one representing the prior belief state (m)
and the other representing new evidence (my). Moreover, we consider revision rules that
generalize Jeffrey’s probability kinematics, Dempster rule of conditioning and the AGM-
style revision rule (2) of epistemic states.

There are some difficulties to do so. First, we must adapt Dempster rule of conditioning
to the AGM-style revision rule; the latter prescribes that if m(E;) = 0, then m(E;) = 1,
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while it generalizes (2) whenever m(Fy) > 0. Next, it may be impossible to straightfor-
wardly reconduct the basic axioms of Jeffrey’s rule (4) and (6) to belief functions, because
the expansion effect of the AGM-style revision rule does not apply to probability distribu-
tions. We propose the following basic principles for the revision of belief functions:

ey

(@)

Success postulate through specialisation: The first fundamental principle of revision
is to preserve new evidence. Translated into the language of DS theory, this princi-
ple states that for i = m o my, m should in some sense imply m;. The notion of
implication between mass functions is naturally extended by the notion of specialisa-
tion between two mass functions (Def. 3). Therefore the success postulate in evidence
theory reads:

Success Postulate for Belief Functions (SPBF): . C mj.

Note that Jeffrey’s rule satisfies this property, stricto sensu, if the input information
is interpreted as a partitioned mass function.

A straightforward rendering of the probabilistic success postulate for belief func-

tions does not make sense if no restriction is put on the form of m;. This is because the
case of expansion never occurs for a probability function, as argued in Dubois et al. 1°:
you cannot make the focal elements of a probability measure more precise via revi-
sion. On the contrary, when revising a mass function, in general, focal sets of m will
be made more precise by focal sets of m. So we cannot reconduct the success postulate
(4) Bel(E) = Bel;(E) when E is any focal element of m;. One may expect that
in some cases, Bel(E) > Bel;(E) (confirming E). But this is implied by the above
success postulate, since specialisation is stronger than the inequality between belief
functions ''. Nevertheless, the probabilistic form (4) of the success postulate can be
recovered by a suitable restriction of the form of the input belief function 26
later on.
Minimal change principle: The issue is to define what minimal change means in DS
theory in terms of mass functions. Intuitively, it suggests using informational distance
functions d between two mass functions, m and m;. Namely one can use d to look
for a specialisation of m at minimal distance from m. However, under this approach,
d(m,m) = 0 for any distance function d, hence we ought to have m o m = m (since
m itself is a specialisation of m and m is at minimal distance from itself among all
specialisations of m). However, the combination of independent mass functions ex-
hibits a reinforcement effect which cannot occur in logic-based belief merging. That is,
m ®m # m (@ is a mass function combination operator) whilst applied to standard
epistemic states, revision is idempotent: £ o £ = E'if £ = E.

For mass functions, instead of m o m = m, we may expect some reinforcement
effect if the new evidence is identical to, but considered independent from, the prior
beliefs. For instance we may believe to some degree that Toulouse rugby team won
the European championship last year. If some friend coming from abroad says he be-
lieves it likewise, this piece of information confirms our prior belief, so that even if our
opinion remains the same, we become more confident in it.

, as seen
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The bottom line is that there is a certain conflict between the minimal change prin-
ciple and the confirmation effect when revising uncertain information. However, in
the case of revising a belief function by another one that is consistent with it, one
should expect that the prior information is still implied by the result of the revision.
Two mass functions m; and my are said to be strongly consistent if and only if
VA € Fiy, B € Finyy AN B # (). A minimal requirement for minimal change is
then as follows

Expansion Minimal Change (EMC): If m and m  are strongly consistent then
momy & m.

Note that this property also holds for Dempster rule of combination. It is the extension
of one of the AGM postulates ! requesting identity between expansion and revision in
the case of receiving an input that is consistent with the original belief set.

A stronger form of minimal change, mimicking (6) could be the request that [m o
my](A|B) = m(A|B) for some focal subsets A not affected by the input information
my where my(B) > 0. In particular, if m; has focal sets forming a partition F; =
{U1, -, U,}, then one may request that Vi, [m o m;|(A|U;) = m(A|U;) for A C U;.
However this kind of postulate is specific to probability distributions: any focal set of
the Bayesian mass m is included into a single focal set of the partitioned mass mj. So
we may adopt a counterpart to the minimal change principle (6) only in very drastic
conditions:

Probabilistic Minimal Change (PMC): If E; € F7 is such that VA € F,,, either
AC E;or AC Ey, and moreover VE # E; € Fr, F N E; = (), then
VA C Er,[momy](A|Er) = m(A|E))

This property cannot be used in place of EMC because its scope is very narrow, and in
many situations it will hold by default because the preconditions are too drastic. On the
other hand, any revision rule that violates it can be questioned. In this form it is satisfied
by the AGM rule (2). Indeed, if £ C Ej then E o E; = E, otherwise PMC does not
apply. It is also respected by Dempster conditioning. Note that the EMC postulate also
has a limited scope since most of the time m and m; will not be strongly consistent.

Generalization of Jeffrey’s rule: Since a Bayesian mass function can be seen as
a probability distribution, we would expect that a mass-function-based revision rule
should generalize Jeffrey’s rule. The latter is idempotent since P o P = P, which
involves no confirmation effect, and also satisfies minimal change in the above sense
(this is Eq. (6)). There is no paradox here: a probability P is never strongly consistent
with itself and its focal sets cannot be precisiated. So EMC does not apply to this case.
Generalization of Dempster conditioning: If m;(E;) = 1 for some subset E; C W
such that PI(E;) > 0, then Pl = PI(:|E}), in the sense of Dempster conditioning
(this is true for Jeffrey’s rule that reduces to conditioning when the input information is
a sure fact). Note that Dempster rule of combination also specialises to such condition-
ing in this case. This is because combination and revision collapse to what Gardenfors
calls expansion when the input information is a sure fact consistent with the prior epis-
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temic state. In the logical setting, AGM revision becomes symmetric; however, in the
evidence setting, Dempster conditioning sounds asymmetric because the input infor-
mation is not uncertain, contrary to the prior epistemic state.

(5) Generalization of the AGM revision Note that the Success Postulate SPBF and the
Expansion Minimal Change postulate EMC for mass functions are respected by the
revision (2) for epistemic states, considering them as mass functions. This rule yields
the least committed result obeying both principles for epistemic states. It is thus natural
to require that a revision rule in evidence theory should generalize (2).

As Dempster rule of conditioning is a special case of a revision rule, we must extend
Definition 2 as follows in order to recover the AGM revision of epistemic states:

W for PI(Er) > 0,

my (AlEr) =4 0 for PI(E;) = 0and A # Ej,
1 for PI(E;) =0and A = EJ.

Let us call this extended conditioning universal Dempster conditioning.
The corresponding conditional plausibility and belief functions are denoted by
Ply(A|E)), Bely (A|Ey) as follows:

Ply(A|lEr) = Z my (C|B)
CNA#D
and
Bely(A|Er) = Y my(C|Ex).
CCA

Compared with Definition 2, this definition is extended to the situation where PI(E;) = 0,
in which case the above universal conditioning gives an intuitive result.
It is easy to check that my (+| ;) is a mass function and it has an equivalent form as

EE:A:EmE m(E)
PI(Er)

= Itpien>oym(AlET) + I pi(e,)=0,A=E,}- 7

mu (A|Er) = I{pi(r;)>0} + I{pi(E)=0,A=E )}

where I 4y is an indicator function such that I;4) = 1if ¢ is true and I;4} = 0 otherwise.
Similarly, Ply (A|Er) and Bely (A|Ey) also have equivalent forms as

Ply(A|Er) = Ipi(e)>0y PUAIETD) + I pi(E)=0,A=E/}-
Bely (A|Er) = I{pi(g)>0y Bel(A|Er) + I{pi(B,)=0,4=E;} -

Then the following is clear

%E%) for PI(Er) > 0,
Ply(AlEr) =40 for PI(E;) = 0 and A # Ej,

1 for PI(Er) =0and A = EJ.
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—PI(EI},;(P;I()Z”E” for PI(E;) > 0,
Bely(AlEr) =< 0 for PI(E;) = 0and A # E,

1 for PI(E;) =0and A = Ej.
where A # () and m(0|E;) = 0.

4. Revision operators for mass functions

Within the scope of DS theory, the first attempt to actually generalize Jeffrey’s rule to mass
functions was made by Ichihashi and Tanaka '*. They proposed three variants of this ex-
tended Jeffrey’s rule they called plausible, credible and possible conditioning, respectively.
Dubois and Prade '? argued in favor of the first one as being a natural asymmetric variant
of Dempster rule of combination (see also Dubois et al. '°). These approaches are criti-
cized by Smets 2%, and he makes yet another proposal where the input evidence comes in
the form of a belief function on a subalgebra of 1. Smets 27 emphasises the need for mass
function revision strategies but proposes no concrete revision rule. Halpern '3 makes the
same proposal as the one advocated by Dubois and Prade. However, he restricts the rule
to input evidence in the form of a belief function that can be represented as a probability
measure on a partition {Uy, - - -, U, } of W, i.e, such that m(U;) = o; and > o; = 1.

Ideally, a mass function based revision rule should accept evidence in the form of a
general mass function definable on 2V rather than just on a partition of 1¥. Furthermore,
like the original Jeffrey’s rule, all above proposals require that the prior plausibilities PI( A)
be positive whenever A is a focal set of the input mass function. In other words, this rule
requires that no part of the new evidence be in fotal conflict with the agent’s current beliefs,
which restricts the application of this rule. This requirement is much more drastic than the
minimal consistency requirement of Dempster rule of combination for which at least one
focal set of the first mass function must be consistent with another one of the other mass
function. In many cases, the revision rules of Ichihashi and Tanaka cannot be applied.

In this section we generalize previously proposed extensions of Jeffrey’s rule by doing
away with the latter limitation, and we show that only one of them generalizes Dempster
rule of conditioning and at the same time admits any kind of input.

4.1. Revision operators for belief functions: a general form

As a belief function is defined by a mass function, it is natural to express revision rules
in terms of mass functions. The idea of all revision operations is to share the input masses
my(B) among a family of focal subsets F,2 of m related to B in some way. This sharing of
the mass m;(B) is made proportionally to the weights m(A), A € FE, in conformity with
the idea of relative minimal change at work in Jeffrey’s rule. Namely, the portion o;(A, B)
of my(B) allocated to a prior focal set A should be proportional to m(A) across all sets in
FB. So these revision rules take the form

m(A) = [momr](A) = Z (A, Bym(B) (8)
B:A€FB
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where o (A, B) = % expresses proportional sharing, so that mom is obviously
CeF

a normalized mass function. A natural requirement is that VB € F;,F2 C {A € F,, :
AN B # (0}, since if AN B = () there is no bridge between A and B.

Moreover, in order to deal with inconsistency in the style of AGM revision, i.e. gener-
alizing the rule (2), the extreme case where )~ 5 m(C') = 0 is handled as follows:

_ JOfor A# B,
o(4,B) = {1 forA = B.

If no focal set of the prior mass function m is in the scope F2 of the input focal set B,
then value m;(B) should be totally allocated to B. It is easy to prove that mom; is a mass
function, i.e., > sy (momy)(A) = 1and (momy)(0) = 0.

Such a form for a revision operation already ensures some properties will be fulfilled.

First, we do have an extension of Jeffrey’s rule.

Proposition 2. If m is a Bayesian mass function defined by a positive probability distri-
bution p, and my is a partitioned mass function on partition {Uy,- -+, U, } of W, i.e, such
thatm(U;) = a; > 0and Y o; = 1, then momy = pojmy coincides with Jeffrey’s rule.

Proof: For a Bayesian prior mass function, and partitioned input mass function, FY: re-
duces then to the set of singletons with positive probability in U; and it is then obvious that
o({s}, Us) = B Then [mo mi]({s}) = Xyer, Bp = [P o mil({s}). O

Moreover, the general revision scheme (8) partially preserves the minimal change prop-
erty of Jeffrey’s rule:

Proposition 3. If the preconditions of the PMC postulate are verified for a focal set B of
my, then m o my satisfies PMC for B.

Proof: Let B € F is such that YA € F,,, either A C B or A C B, and assume VF #

Be F;,FNB =0, thenif A C B, (8) reduces to rm(A) = % and PI(B) =

Bel(B) = >_ocpm(C); moreover PI(B) = > FABAD %ﬁg)(m = my(B) so that

o m(C)m
m(A|B) =Y c_anp % = m(A|B) and PMC holds. O

4.2. Inner vs. outer revision operators

We first propose inner and outer revision operators which are named after the concepts of
inner and outer probability measures, both of which are closely related to upper and lower
probabilities in the sense of Dempster 7. We define an inner revision operator denoted by
o;, as follows.

Definition 5. Let m and m be two mass functions over W, then the inner revision of m
by my is defined as (m o; mp)(A) = >_ 4 g 0i(A, B)m;(B) where

festay for Bel(B) > 0,
0i(A,B)=1¢0 for Bel(B) = 0 and A # B,
1 for Bel(B) = 0and A = B.
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The intuition behind inner revision can be illustrated as follows. To obtain the revised mass
value for A, we flow down some of the mass value of every positive my(B) to subsets
A C B proportionally to m(A). The inner revision is (8) with FZ = {A: A C B,m(A) >
0}. If event B is not certain at all a priori (Bel(B) = 0), then the value m;(B) is fully
allocated to B. By construction, the inner revision operator is a specialisation of mj, so
that it satisfies our success postulate. In some sense, it preserves as much information from
m as possible. The latter point is ensured by the proportional reallocation. However, in the
case when m and mj are strongly consistent, the resulting mass function is not necessarily
a specialisation of the prior mass function. The reason is that Bel(B) = 0 is possible even
if each focal set of m intersect all focal sets of m. So there may be an input focal set B
such that m(B) = 0, PI(B) > 0,7(B) = m;(B) > 0, and B is a subset of no focal
set of m. So this rule does not obey the EMC principle. Moreover it does not generalize
Dempster conditioning.
The outer revision operator denoted by o, is defined as follows.

Definition 6. Let m and m; be two mass functions over W, then the outer revision operator
that revises m with m; is defined as [m o, m](A) = 3_ 4 p4p 0o(A, B)m(B) where

Pg for PI(B) >0,
0o(A,B) =40  for PI(B)=0and A # B,

1 for PI(B) =0and A = B.

This change rule naturally appears as the dual of the former one. The intuition of outer
revision is similar to that of inner revision except that here for any A, we flow down portions
of mass values of Bs to subsets A such that A N B # () preserving the masses m(A) in
relative value across the concerned A sets (dividing them by PI(B)). So, the outer revision
is (8) with 2 = {A : AN B # (}. Note that for outer revision, the revised result is not
necessarily a specialisation of mj, since sets not included in B receive portions of mass
mr (B ) .

Our inner (resp. outer) revision rule coincides with Ichihashi and Tanaka’s credible
(resp. possible) conditioning rule when Bel(B) > 0 (resp. PI(B) > 0), and extends them
by addressing the revision situation where new evidence totally conflicts with prior beliefs.
That is, contrary to Ichihashi and Tanaka !4, revision can be done even when Bel(B) = 0
(resp. Pl(B) = 0).

Example 3. Let m and m; be two mass functions on W, such that m({w,}) = 0.2,
m({w1,ws}) = 0.8, and my({w1}) = 0.4, m;({wi,wa}) = 0.4, my({ws}) = 0.2.
Applying inner revision operator o;, we get m; = m o; my where

rivg(fwn}) = mr({wi}) gl + mi({wr, we}) gy = 0.48,

i ({wr, wa}) = m({wr, w}) gesizls = 0.32,

mz({w4}) =0.2.
Similarly, applying outer revision operator o,, we get 1, = m o, my s.t. m,({wy}) =
0.16, M, ({w1, w2 }) = 0.64, and 1, ({ws}) = 0.2.
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However, none of these change rules respect the two basic revision postulates in the spirit
of Jeffrey’s rule. As a consequence they do suffer from some drawbacks.

Example 4. Let m({wy,ws}) = 1 and m;({w1,ws}) = 1, then intuitively m supports
w; while rejects ws, and hence we expect the revision result to be 7 ({w1 }) = 1. However,
from inner revision, the revised result is 7; ({w1, ws}) = 1 whilst from outer revision, the
revised result is 77, ({w1, w2 }) = 1. None of the results are fully agreeable with intuitions.
In particular, they are not in agreement with the AGM revision principles (that enforce
expansion in this case). They do not extend the revision rule (2) for epistemic states.

4.3. A modified outer revision operator

As mentioned earlier, neither the inner nor the outer revision qualifies as revision opera-
tions. In particular the result of outer revision is not necessarily a specialisation of the mass
function representing new evidence, but it obeys minimal change beyond what is requested,
even by the AGM postulates. In this section, we modify outer revision so as to make it a
specialisation of the new evidence, while respecting the EMC postulate. We define operator
oom as a modified outer revision operator, that extends the third revision rule of Ichihashi
and Tanaka:

Definition 7. Let m and m; be two mass functions over W. The modified outer revision
of m by my s.t. for any C # (), is defined by

(moommr)(C) = Y on(A Bym(B) ©)
ANB=C

picgh for PI(B) > 0,
where 0,,(A,B) = ¢ 0 for PI(B) =0and A # B,
1

for PI(B) =0and A = B.

Note that .,,(A, B) is exactly the same as 0,(A, B). The only difference between the
modified revision rule and its predecessor is that instead of flowing down a portion of
my(B) to the prior focal set A when AN B # (), we flow down this portion to AN B. Here,
FB = {A: AN B # ()}, and one could also write

m
(M 0gm m](C) = > om(A, Bymr(B).
A,B:BNA=C,AeFB

This modification makes the revision result truly a specialisation of m , hence it satis-
fies the success postulate, but it is not exactly of the form (8). Likewise, if m and m are
strongly consistent then it reduces to Dempster rule of combination where normalisation
is not needed. So the EMC rule is also satisfied. Also, the modified outer revision extends
the plausible conditioning rule 42 to situations where PI(B) = 0. Note that conditions
Pl(B) =0, A = B,and AN B = C together imply PI(C) = 0, hence Eq. (9) can also be
equivalently written as

(m Com ml)(c) = Z

ANB=C,Pl(B)>0

A B
% + Itpicy=0ymi(C) (10)
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Example 5. (Ex. 4 cont’) Let m({wy,ws}) = 1 and my({wy,ws}) = 1. Applying o,
we get a revision result 77 such that /m.({w; }) = 1, which is exactly what is expected.

In fact this modified outer rule coincides with the AGM revision rule (2) for flat epistemic
states described by sets. When PI(B) > 0,VB € Fr, Dubois and Prade '? show that the
modified outer revision rule can be expressed using Jeffrey-like equations and Dempster
conditioning (Def. 2).

m(A) =m ogm mr(A) = Y m(A|B)m(B), (11)
BCW
Pi(A) = > PI(A|B)ym(B), (12)
BCW
Bel(A) = ) Bel(A|B)m;(B), (13)
BCW

These results still hold if universal Dempster conditioning is used to cope with the case
where PI(B) = 0 for some B € Fj, as proposed here. As pointed out by Dubois and
Prade 2, these Jeffrey-like equations are also formally justified by Wagner’s statement 30
that the only event-wise combination valid for both plausibility and belief functions is the
linear convex combination, as it is the case for probability measures.

The above properties suggest a natural name for this change rule, namely, Jeffrey-
Dempster revision rule and we can denote it by o jp.

Similarly, Halpern’s belief function revision rule is defined as follows 3.

Definition 8. Let m be a belief function over 2V denoting the prior epistemic state and 17
be a belief function such that ; = {Uj,---,U,} is a partition of W denoting the input
evidence. Let oy denote Halpern’s revision rule, then we have

Bel og Bel; (V) = zn:m(Ui)Bel(WUi).

i=1

This is clearly a special case of Jeffrey-Dempster revision rule, since it is of the form (13).

Def. 7 gives a succinct representation of the Jeffrey-Dempster revision operator, but
the above expressions suggest a calculation method. It uses the same table as the one for
showing how to compute Dempster rule of combination.

We build a table M in which each column stands for a focal element of m; and each
row stands for a focal element of m. In each entry (A, B) of M (A is a row focal element
and B is a column focal element), we put A N B and a weight w(A N B) computed as
follows.

For each column B, if there are non-empty AN B in the column, then we define w(AN
B) = % (and zero if AN B is empty). If all sets in the column are empty then we
set w(B) = m;(B). Finally we sum over prior focal sets A in column B all the weights
bearing on the same set C' = A N B, to get the resulting posterior mass m(C') of that set.
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Example 6. Let m and m; be two mass functions on W, such that m({w,}) = 0.3,
m({wy,ws}) = 0.7, and m;({w1}) = 0.3, m;({w1,w2}) = 0.5, mr({ws}) = 0.2.
The matrix M is as follows.

Table 2: The Matrix M.

m\ mr {w1},0.3 {wi,w2},0.5 | {ws},0.2
{w1},0.3 {w1}, 0.09 {w},0.15 0,0
{wl,wg},0.7 {wl},021 {wl,wz},0.35 @, 0

Note that in the above matrix, since all the intersected sets in the fourth column are empty,
we get m({ws}) = 0.2, so finally we get 1 = m o4, my such that m({w;}) =
0.45, m({wy,w2}) = 0.35,m({ws}) = 0.2.

4.4. Smets revision rule

Smets 25 considers the revision of a mass function m by an input m; having a particular
structure. Namely, consider a partition P = {Uy, Us, ..., U, } of W and let 13 the Boolean
algebra of subsets induced by P (unions of elements in P). Assume the set F; of focal sets
of m only contains elements in B.

This revision rule is again of the form (8), but with a different fﬁ. Namely, for each
subset A C W, define A*, the upper approximation of A with respect to P, as:

A* = Ui:U,iﬁAi(DUi = ﬂ{B :AC B,B € B}

This is the upper approximation in the sense of rough sets 23. Now let 2 = {4, m(A) >
0,[A N B]* = B},VB € B. Then revision operator og is such that for any C' # 0),

(mog mr)(C) = > os(A, B)m;(B) (14)
ANB=C,[ANB]*=B
DS 05} if the denominator is positive,
where 0,,(A, B) = ¢ 0 otherwise and A # B,
1 otherwise and A = B.

The specific feature of this revision rule is that any focal subset C' of m og m receives
a portion of weight from a single focal set of m, namely its upper approximation. This is
one feature, apart from the specific form of the input, that makes it differ from the Jeffrey-
Dempster revision rule, for which my(B) is shared among all possible subsets of B that
are the intersection of B and a focal set of the prior m. It enables a stronger form of success
to be satisfied, namely

Belmogm, (B) = Bel;(B),VB € B.

This is easy to figure out: For B € B,> ocpm(C) = > .0-cp kemi(C*), where
ke is the portion of m;(C*) allocated to C' in the final result. Now by construction
>-p.p-=c-kp = 1 since m;(C*) is shared among those of its subsets of which it is
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the upper approximation. So,

Z k‘cTﬂ](C*)Z Z m](B/) Z k‘cz Z mI(B').

C:C*CB B'CB C:C*=B’ B'CB

The price paid is a restriction on the form of the input that is questionable, namely, if
two input focal sets F/; and E intersect, then their intersection is a focal set of m . Suppose
my possesses two intersecting focal sets with m;(E; N E2) = 0. The Smets framework
requires to define a partition of W such that £y and Es belong to the corresponding algebra.
There is a degree of freedom here as all elements of the corresponding partition will have
mass 0; the simplest is the 4-element partition induced by F; and Es. In any case, all focal
sets of m included in F1 N B will get zero posterior mass since my(E1 N E2) = 0 and they
can receive no mass from m;(E7) nor my(Es). In particular if £ C Ey N Ey,VE € Fp,
then £* = 4 N Ey,VE € F,, and m og my = mj, even though m is strongly consistent
with m;. This goes against the EMC rule.

Smets 26 also considers a counterpart of the inner revision rule that replaces ANB = C
by A C B in (14). But again, it violates the minimal change principle and does not extend
Dempster conditioning.

5. An algorithmic view of the revision rule for belief functions.

The above discussion should have convinced the reader that the most reasonable exten-
sion of Jeffrey’s revision rule to belief functions among existing proposals is the Jeffrey-
Dempster revision rule, also retained by Dubois and Prade '? in their older comparative
study. In this section we provide a different view that leads to the same revision rule.

Intuitively, for mass-function-based revision, prior information that is consistent with
the new information is refined by expansion. By consistent, we mean focal sets of m that
overlap the support S(m). That is, if A is a focal set of m; and A N S(m) # 0, then both
my(A) and the mass m(A), if positive, should affect the posterior mass function; otherwise,
my(A) should be retained after revision. Symmetrically if m(A) > 0, AN S(my) = 0,
then m(A) should be removed from consideration.

Example 7. Let W = {wy,ws, ..., ws}, define m such that

m({wy,ws}) = 0.2, m({wy,wa}) = 0.4, m({ws}) = 0.3, m({we,wr}) = 0.1,

and my such that my({wy,w2}) = 0.5, m;({ws, ws}) = 0.3, my({we}) = 0.2,
then 7o = m o my should imply m;. Observe that the prior m rules out {w4, ws}. Hence
my({wy,ws}) = 0.3 should be retained after revision, i.e.,m({w4, ws}) = 0.3, and no
other focal sets of the posterior /i shall contain w4 or ws. On the other hand, one can
expect that also 7 ({ws}) = 0, since ws & S(m;y), even though m({wsz}) = 0.3.

From Example 7, we also observe: Focal element {w;, w2} of m; is consistent with
focal sets of {wy,ws} and {wy,ws} of m, so m({wy,ws}), m({wy,ws}) should affect
the revised mass of {wy,wsy}. Similarly, {we, w7} of m and {we} of my are consistent.
But {wy,wg}, {wy,ws} of m and {wg} of my are not, and likewise for focal sets {wg, w7}
of m and {w1,wy} of my.
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These observations show that we can partition S(m) U .S(m;) on the basis of mutually
consistent focal sets of m and m; as follows. Define a reflexive symmetric relation ~ on
FmnUFrby A~ Band B ~ Aif and only if either A = B, or A € F,,,, B € Fr and
AN B # (). Consider its transitive closure ~*. It is an equivalence relation on F,, U F7,
the equivalence classes of which form a partition of the set of focal sets F,,, U F;. Denote
by Fi,...Fy its equivalence classes when they contain more than a single focal set, and
by Funcor the set of focal sets that form singleton equivalence classes. Each family F;
is called a correlated group. Its focal sets can be arranged in a sequence where any two
adjacent sets overlap. Clearly, any focal subset in F; is disjoint from any other subset in F;
if i # j.

Let S; U+ USk U Syncor = S(m) U S(my), where each element S; of the partition
of S(m) U S(my) corresponds to the union of focal sets in a family F; C F,, U F;
of focal sets of both m and mj. Syncor iS the union of focal sets of m which have no
intersection with S(my) and focal sets of m; which have no intersection with S(m). In
Example 7, we should have k = 2,57 = {w1, wa, ws}, and Sy = {we, w7} and Sypeor =
{ws} U {wy, ws} = {ws, wq, ws}.

The above construction is in fact equivalent to computing maximal connected compo-
nents in a certain non-directed bipartite graph induced by the sets of focal sets F,,, and
those in F;. A bipartite graph is a set of graph vertices V' decomposed into two disjoint
sets V1 and V3, such that no two graph vertices (or nodes) within the same set are adjacent.
Namely, consider the bipartite graph with two sets of nodes: focal sets in V; = F,,, and
those in Vo, = F7 (if the same focal set appears in F,,, and F7 it produces two nodes, one
in each node set). Arcs connect one focal set A € F,,, to one focal set B € F; if and only
if AN B # (). Each S; is the union of focal sets corresponding to a maximal connected
component in the graph. The set Sy, is the union of focal sets corresponding to isolated
nodes in the bipartite graph. The bipartite graph for Example 7 is shown in Fig. 1.

. N

{W].:WS} {Wl=W2}

{wq,w,
{wa,ws}

{ws}

{we, w7} \ {We}

4 .

Fig. 1. The bipartite graph for Example 7.
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From Fig. 1, it is straightforward to get S1 = {wy,wa,ws},S2 = {ws,wr} and
Suncor = {IU3, Wy, ’LU5}.

Based on the graph perspective, given two mass functions, the partition of S(m) U
S(my) into the union of mutually consistent focal sets can be obtained by Algorithm 1
with a breadth-first search algorithm used to obtain maximal connected components in the
bipartite graph produced by the above procedure.

Algorithm 1 Partitioning into Correlated Groups
Require: F7: the set of focal sets of m, F»: the set of focal sets of m ;.
Ensure: A maximum number of correlated groups consisting of focal sets.
1: Set Suncor = 0, k = 0;
2: while F; 75 0 do
3:  Select a focal set A in F;

4:  if A does not overlap with any focal sets in F, then

RE Suncor = Suncor U A; ~7:1 = fl \ {A}7

6: else

7: k‘=k'+1,i=2,5k=z4,f1=f1\{A},pT€B=Sk;

8: repeat

9: Let B={B: B € F;,and BNpreg # 0} be the set of focal sets of m; that
intersect preg;

10: LetSk’:UBeBBUSk’;pTeB:UBeBB;

11: Fi=F:\B;

12: 1 = 3 — i; (repeatedly checking elements in F; and F2)

13: until Sj; can not be changed any further;

14:  end if

15: end while

16: Suncor = UA€_7_-2 AU Suncor;
17: return {51, teey, Sk, Suncor};

Proposition 4. Let F,,, and Fr be two families of subsets of W. Algorithm 1 produces a
unique partition of S(m) U S(my) containing the maximum number of correlated groups.

Proof: The proof is straightforward from the graph-theoretic point of view since the algo-
rithm finds maximal connected components using a standard breadth-first search algorithm.
O
Based on the obtained partition, we only need to consider revision inside each subset
S,. For convenience, let focal sets of m included in S; be A}, .-, A3 € F; and let S =
¢_, AF. Similarly, let focal sets of m; included in S; be B}, -+, B! € F; and SP =
U;-:lBg. Let SAB = SA N SB. Now we aim to flow down the masses of B;s to their
subsets based on m(A;) values.
For each B, different portions of m;(B?) should flow down to its subsets. Based on
the idea of Jeffrey’s rule, for each subset C' of Bg, its share of the mass value m I(B{ )
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should be proportional to the ratio of its mass value m(C’) to the sum of masses m(D) of
all the subsets D C B?. More precisely, given a subset S; in the partition, flowing down
the mass of B/ can be performed by means of the following procedure:

(1) For each non-empty subset C' of B, we calculate supp(C) = ZAmeg':C m(AF)
which is the measure of support for subset C' based on AFs in S; from the viewpoint
of BJ. That is, in Example 7, from the viewpoint of {w, wy} of mny, it supports {w; }
based on {wy,wsg} of m.

(2) For C, the flown down value from B{ is

supp(C)
E@#Dng SUPP(D)

I (C) = mr(BY) (15)

Note that the denominator is clearly Pl(Bg ). This technique can be seen as a kind of
conditioning on BY, i.e.,
mI(C) _ supp(C)
mI(Bg) ZDng Supp(D) '

Evidently, this equation is to some extent similar to the form of Jeffrey’s rule.

Example 8. (Ex. 7 Cont’) In subset S; in the partition: m({wy,ws}) = 0.2,
m({wi,w2}) = 0.4 and my({w1,w2}) = 0.5, we need to flow down my({wy, ws}) =
0.5 to the subsets of {wy, w2}, ie., {w1}, {wa} and {wy,ws}. Here the existence of
m({w1,wz}) = 0.4 can be seen as a positive support for flowing down the mass value
of mr({wy,ws2}) to {wy,wa} since {wy,wa} N {wy,wa} = {wi,ws}. Similarly, the
existence of m({wy,ws}) = 0.2 supports {w;} from the viewpoint of my({w,w2})
since {wy,wa} N {wy,ws} = {w;}. Therefore, we get supp({w1,w2}) = 0.4 and
supp({w1}) = 0.2, and hence i ({w1, ws}) = & and m({w1}) = 1/6.

After allocating all fractions of m I(Bf ), 1 < j < t, we are able to sum up all the
masses that each subset C receives. This leads to the following definition of a revision
operator.

Definition 9. Let m and m; be two mass functions and {S1, - - -, Sk, Suncor } be the par-
tition of S(m) U S(my) obtained from Algorithm 1. For any subset C, if C' C S;, then
let ¢ be the number of focal sets of m; contained in S; and 7727 (C') be defined in Eq. (15),
1 < j < t. Then a revision operator for mass functions is defined as . = m o, mj such
that

. S i (C) for C C Sy,
C)=1q 16
m( ) { mr (C) for C g Su’rwo’r'- ( )

From Algorithm 1, set C' does not intersect any focal set included in another element of
the partition, so the flowing down process for other elements of the partition does not affect
the revised mass value of C. Hence m(C') obtained in Def. 9 is indeed the final result for
C. It should be clear that the Jeffrey-Dempster revision and the revision operator of Def. 9
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are the same thing. The latter is just another way of computing the former. This finding is
significant since these two revision strategies are from different perspectives.

Proposition 5. For any two mass functions m and my over W, we have m ojp my =
m og my.

Proof: As said earlier, ,
2ocs SUPP(C) = chBg ZAfﬂBf:Cm(A;C) = D AknBI 0 m(Af) = PU(B]).

. If Pl(Bf ) = 0, then Bf does not intersect any focal set of m, based on Algorithm 1,
Bf is in Sy cor (NOte that the converse is also right, i.e., if a focal set B of my is in Syncor,
then PI(B) = 0), hence the mass value of B; remains unchanged after revision. This is
equivalent to the following condition in Def. 7:

om(A,B) =0 for A # B,
PIl(B) =
(B) =0 {am(A,B)zlforA:B.
If Pl(Bg) > 0, then Bg is not in Sypcor. Hence VI, B! is not in Sypncor, We have

PI(BY) > 0.
t t
. supp(C)
m(C) = Zmﬂ Z —_—
= — P (BY)
i ; Z k AkABI= m(Af)
_ Z mi(BY) vAk AkAB? jC
j=1 Pl(Bi)

_ : m(Af)m BI
jZlv,élf,A;“ZﬂBf_CPl(Bg) 5
m(A
> B

VA,B,ANB=C

Therefore, we have o jp = o,. O

6. Properties of the revision rule for mass functions

In this section, we present some properties of the Jeffrey-Dempster revision. First, we dis-
cuss the relationship between our revision rule and Dempster’s rule of conditioning.

Proposition 6. Let m; be a mass function such that mi(Er) = 1, then m o jp mj comes
down to Dempster conditioning if PI(E;) > 0 and m ojp m; = mj otherwise.

Proof: If PI(E;) = 0, then it is obvious. If PI(E;) > 0, then VA # 0,7m(A) =
S pew m(AIB)my(B) = m(A|Ey) - 1 = m(A|Ey). O

We can show that the vacuous mass function plays no role in revision: bringing empty
information leads to no change. Likewise, if there is no prior information, the input infor-
mation is accepted as such.
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Proposition 7. Let m be a mass function and myy be such that my, (W) = 1, then we
have m ojp my = mw oyjp m = m.

Proof: m o;p my coincides with Dempster conditioning on W and m(-|W) = m. For
mw ojp m, we have VA,W N A = A and Ply (A) = 1, hence from Def. 7, we get
VC, (mwospm)(C) = wncee mw (W)m(C) = m(C). Hence myy oyjpm = m. O

Furthermore, we can also prove that if prior beliefs and new evidence are in total con-
flict, then the revision result is simply the latter, thus generalizing the AGM revision rule
for epistemic states.

Proposition 8. Let m and m; be two mass functions such that S(m) N S(my) = 0, then
we have m ojp my = my.

Proof Since S(m) N S(m;) = 0, we have for any focal set B of m;, PI(B) = 0, and

if PI(B) > 0, then m;(B) = 0, hence from Eq. (10), we have VC, (m o;p m;)(C) =
m(A)m;(B

2 ANB=C,PI(B)>0 7(1»)1(3’)( L+ It picy=0ym1(C) = m(C). O

Example 9. Let W = {wy, ..., w5} and m be such that m({w; }) = 0.4, m({wy,ws}) =

0.6, m; be such that my({ws, ws}) = 0.2, mr({ws, ws}) = 0.4, m;({ws}) = 0.4, then

we have m oyp my = my.

Proposition 9. Let m and my be two strongly consistent mass functions, i.e., such that
VA € F,,B € F1,AN B # (), then m o3p my comes down to Dempster rule of combi-
nation.

Proof Since VA € F,,,B € F;,AN B # 0, it must be VB € F;, Pl(B) = 1. Hence,
VC # (), we have

_ > anp=c M(A)m;(B)
ZA'mB';éQ) m(A")m(B’)

> m(A)my(B)

(m opemp mr)(C)

ANB=C

_ m(A)m;(B)
Ar;C PI(B)

= m(C).

a

There is no need for renormalization factor in Dempster rule then. It corresponds to an
expansion as the input information does not contradict the output.

Next we show that our revision rule generalizes Jeffrey’s rule of combination:

Proposition 10. If m is a Bayesian mass function and mjy is a partitioned mass function,
then mojp my = moymy.

Proof Let the focal sets of m; be Uy, ---, U, which is a partition of W. For any w, let
w € U;.
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If PI(U;) = 0, then both o ;p and Jeffrey’s rule can only give m(U;) = m(U;).

If PI(U;) > 0, then we need to prove that (m o;p my)(w) = IZL((;}’)) my(U;) which is
exactly what is defined in Def. 7. O

For iterated revision, we have the following result.

Proposition 11. Let m, my, my: be three mass functions on W. If both my and my: are
partitioned mass functions while my corresponds to a finer partition than my, then we
have (m oyp mr) oyp mp =moyp my.

Proof: Let m = m oyp mry, 7%, = (m oJD m[) ojyp My and m = m oyp Mmyr. Here we
need show YV, 7(V') = (V). Note that we only need to consider V which is a subset of
a focal set of m/, otherwise from Def. 7, we have (V) = m(V) = 0.

For any subset V' of a focal set of mp, m(V) = > 4~p_y 0m(A, B)mp (B) from
Def. 7. Obviously, for each B in the former equation, V' C B. Then since the focal sets of
my form a partition, there cannot be two different focal sets of m s that both contain V' (as
different focal sets of m s are disjoint). So there is exactly one focal set of m - containing
V, call this focal set By, . So, we have

m(V) = mI'(BV) Z 6'77L(A7BV)'
ANBy =V

Likewise, 71(V) = my (By) Y ANBy =V 6 (A, By). Now we discuss two subcases.

e If PI(By) = 0, based on Def. 7, then for any V' C By, m(V) = 0if V # By and
’/ﬁ(Bv) = mI/(Bv) ifV = Bv.
Let Dy be the unique focal set of mj, such that V' C Dy ; by construction V' C
By C Dy.
- If PI(Dy) =0, then for any V' C Dy, m(V) = 0if V # Dy and m(Dy) =
my(Dy) if V.= Dy. Itis clear that there is no focal set of 7 inside Dy, but for
Dy itself. Then 1m(By) = my(By), while (V) = 0if V C By, ie., m = m
inside By (including By itself).
- If PI(Dy) > 0, then VA,C,A = C N Dy and m(C) > 0 (such A, C indeed
exist), it should be:

A m(C)
m(A) =m;(D e
(A) =my( v)c:cr;V:A Pi(Dy)

Note that while A C Dy, it must hold that A N By = () since PI(By) = 0.
So there cannot be, via this construction, a focal set of m that intersects By . So,
PI(By) = 01in any case. Then, based on Def. 7, immediately we have 7 (V) = 0
if V # By and m(By) = my(By ), which implies m(V') = m(V).

o If PI(By) > 0, then we have

(V) = T Bv) (A
V) Pi(By) Amgzv (4)

_mrBv) s N (€ Dymi(D),

PZ(BV) ANBy =V CND=A
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since V. C A C D, likewise it must be that D can only be a particular focal set of m
s.t. By € D. We denote it as Dy, and we have PI(Dy) > PI(By) > 0. Hence we

have
2 (B
m(V):mI v) S S 6m(C Dy)mi(Dy)
PI(Bv) ANBy =V CNDy=A
_ mp(By) m;(Dy) S m(©)
PZ(BV) ANBy =V Pl(DV) CNDy=A

my(D
ZAmBV 1% Pf(D‘Y) ECmDV Am(C)

m] D /) 12
A'NBy#0 PI(D4/) ZC/mDA, =A m(C)

= my (Bv)

where we rewrite Pl (By) in the last step and D 4/ is the unique focal set of m; which
contains A’. As A’ N By # 0 and A’ C D 4/, we similarly have By, C D 4/, but only
one focal set of my contains By, hence it should be D4 = Dy for any A’. So we
have

mr(D

> AnBy=v P;(D://)) > cnpy—am(C)
mr(Dy

ZA’ﬂvaé(Z) PlI((DV) >_crapy=a m(C)

ZAnBV:V ZomDV:A m(C)
ZA’OBV;éV) ZC’HDV:A’ m(C’)
2cnpy=v ™C)

ZC’Qngé@ m(C")
> cnpy=v ™C)
Pl(By)

(V) =my/(By)

=myp(By)

= myp(Bv)

=my(By)

— (V).
O

Example 10. Let m be such that m({w;}) = 0.3, m({wy,wz}) = 0.3,m({ws}) =
0.1,m({w4}) = 0.3, my be such that my({wy,w3}) = 0.6, m;({ws,ws}) = 0.4 and
my be such that mp ({wy,ws}) = 0.2,mp ({we} = 0 3,mp({ws}) = 0.5, then we
have m = m oyp my oyp myp with m({w}) = m({ws}) = 0.3, m({ws}) =
2=, m({ws}) = 0.5. 17 = m oyp my has the same set of focal sets and corresponding
mass values.

Darwiche and Pearl  proposed four postulates on iterated belief revision, the first of
which (written in set-theoretic notation) is

C1:If E; C F7, then (EOF])OE[EEOE[

Proposition 11 can be seen as a generalization of the above iterated belief revision
postulate, where the condition £y C F7 is changed into a simple refinement condition on
input partitions. This result includes the case when the partitioned mass function my is a
specialisation of the partitioned mass m, but it does not require it.
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The second postulate reads:
C2: (EoEr)oEr=EoE;

The complement 717 of a mass function m is obtained as VE C W, m(E) = m(E). If F;
is a partition made of E; and its complement E;, 77; just exchanges the weights of m,
keeping the same partition. Hence if we substitute m; for my,, we are still in the conditions
requested by Proposition 11 which thus applies, and generalizes C2 as well. Note that this
remark does not apply beyond binary partitions. If my is a partitioned mass, m; is not
(the complements of elements of a partition do not make a partition, in general). So we
cannot say that (mojp T /) oypmyp = mo pmy using this proposition, beyond binary
partitions, since Proposition 11 has a restricted scope to inputs of the form of partitioned
mass functions. Extending this result beyond this case is a matter of further research.

7. Conclusion

Although belief revision in probability theory is fully studied, revision strategies in evi-
dence theory have seldom been addressed. In this paper, we have investigated the issue
of revision strategies for mass functions so as to generalize Jeffrey’s rule from probabil-
ity to belief functions. We have tried to express two basic requirements for the revision
of belief functions, that seem to be universally valid as revision principles, and hold for
Jeffrey’s rule: success postulate and minimal change. Moreover, since the natural revision
rule of a belief function by a sure fact is Dempster rule of conditioning, we required that
the appropriate revision rule also extends Dempster rule of conditioning. Moreover, in case
of inconsistency we have proposed using a revision method in the spirit of the AGM the-
ory, respecting the success postulate. We have been led to first extend Dempster rule of
conditioning to this case.

We have surveyed the existing literature, where several extensions of Jeffrey’s revi-
sion rule have been proposed. Only one of them due to Ichiashi and Tanaka, generalizes
Dempster conditioning. But none of them can bear total conflict with any focal set of the
input information. As a consequence we have extended the definition in order to cover
this case and called the obtained revision rule Jeffrey-Dempster revision. Its peculiarity is
to accept any kind of belief functions as input, contrary to other past proposals by Smets
and Halpern. The paid price is that the Jeffrey-style minimal change postulate holds in a
strong form only for special kinds of inputs. However the success postulate is respected as
the posterior mass is a specialisation of the input. In case of strong consistency with the
prior belief function, the revision rule coincides with Dempster rule of combination, which
generalizes the reduction of the AGM revision to a symmetric conjunctive merging called
expansion when the input is consistent with the prior information. We have proposed an
algorithm to compute the result of a Jeffrey-Dempster revision.

We have seen that when the inputs are successive partitioned mass functions, two known
postulates of iterated belief revision due to Darwiche and Pearl still hold. This point sug-
gests further research should be carried out to study more properties of iterating the Jeffrey-
Dempster revision rule. Moreover, various proposals exist for the revision of ranked epis-
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20,2

temic states “»“, following Darwiche and Pearl. In these papers, revision patterns similar to

Jeffrey’s rule are considered, in relation to existing iterated revision postulates and existing
revision rules in the ordinal setting. Benferhat et al. 2 consider counterparts to Jeffrey’s rule
in qualitative and quantitative possibility theory. Ma et al. 2° try to find a revision frame-
work common to possibility and probability theories, bridging the gap between Darwiche-
Pearl ordinal framework and probability kinematics, using the idea of partial epistemic
state. Studying the relevance of these postulates for the belief function setting is also a line
of further research. Finally, we may try to find revision postulates that fully characterise the
Jeffrey-Dempster revision rule advocated here.
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